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FOREWORD

The Self Learning Material (SLM) is written with the aim of providing
simple and organized study content to all the learners. The SLMs are
prepared on the framework of being mutually cohesive, internally
consistent and structured as per the university’s syllabi. It is a humble
attempt to give glimpses of the various approaches and dimensions to

the topic of study and to kindle the learner’s interest to the subject

We have tried to put together information from various sources into this
book that has been written in an engaging style with interesting and
relevant examples. It introduces you to the insights of subject concepts
and theories and presents them in a way that is easy to understand and

comprehend.

We always believe in continuous improvement and would periodically
update the content in the very interest of the learners. It may be added
that despite enormous efforts and coordination, there is every
possibility for some omission or inadequacy in few areas or topics,
which would definitely be rectified in future.

We hope you enjoy learning from this book and the experience truly
enrich your learning and help you to advance in your career and future

endeavours.
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BLOCK-1 INTEGRAL EQUATION
AND INTEGRAL TRANSFORM

In this Block we will be exploring the concept of Integral Equation.We
will discussed the classifications of integral equations such as Fredholm
Integral Equation, Volterra Integral Equation and many others along with
the kinds of particular equation. We will explore separable kernel and
how to solve Fredholm integral equation of the second kind with
separable kernel. Also we discussed the method of finding eigenvalue
and Eigen function of the fredholm integral equation of the second kind
by reducing the equation to an algebraic system of equation. As we know
that convergence and unigqueness is an important phenomenon so
conditions of convergence and uniqueness of series solution is also
discussed. We will enumerate We have studied three different theorems

of Fredholm’s .




UNIT-1 INTRODUCTION TO
INTEGRAL EQUATIONS

STRUCTURE

1.0 Objectives

1.1 Introduction

1.2 What is Integral Equation?

1.3 Classification of Linear Integral Equations

1.3.1 Fredholm Integral Equations

1.3.2. Volterra Integral Equations

1.3.3. Integro-differential Equations

1.3.4. Singular Integral Equations

1.3.5. Volterra-Fredholm Integral Equations

1.3.6. Volterra-Fredholm Integro-differential Equations

1.4 Relations between differential and integral equations
1.4.1 Leibnitz Rule of Differentiating Under The Integral Sign
1.4.2 Cauchy’s Formula for Repeated Integration
1.4.3. Converting IVVP to Volterra Integral Equations

1.5 Let us sum up

1.6 Keywords

1.7 Questions for Review

1.8 Suggested Reading and References

1.9 Answers to Check your Progress

1.0 OBJECTIVES

Understand the concept of Integral Equation

Understand the Classification of Linear Integral Equations




Comprehend Relations between differential and integral equations

1.1 INTRODUCTION

The subject of Integral equations is one of the most useful mathematical
tools in both pure and applied mathematics. It has enormous applications
in many physical problems. Many initial and boundary value problems
associated with ODE(ordinary differential equations) and PDE(partial
differential equations) can be transformed into problems of solving some
approximate integral equations.

Integral equations were first encountered in the theory of Fourier
Integral. In 1826, another integral equation was obtained by Abel. Actual
development of the theory of integral equations began with the works of
the Italian Mathematician V.Volterra (1896) and the Swedish
Mathematician I.Fredholm (1900).

1.2 WHAT IS INTEGRAL EQUATION?

An integral equation is an equation in which the unknown function u(x)
to be determined appears under the integral sign. A typical form of an

integral equation in u(x) is of the form.

Bis)

9(s) = (s) +j( KGs0g (L1)

Where u(x) is called the kernel of the integral equation a(x) and B(x) are
the limit of integration.
For example, for a <s <b; a<t<b, the equations
b
n ), £(s) = J; K(s, ) g(t)dt (12)

easily

itis

b 1.3
MQ=HQ+JK&ﬂgmm (13)

b 1.4
g®=fxmﬂmmMr (9

observed that the unknown function u(x) appears under the integral sign

as stated above, and out of the integral sign in most other cases as will be

Notes




Notes

discussed later. It is important to point out that the kernel K (x, t) and the
function f(x) in (1) are given in advance. Our goal is to determine u(x)
that will satisfy (1), and this may be achieved by using different
techniques which will be discussed later.

Integral equation arise naturally in Physics, Chemistry, biology and
engineering applications modeled by initial value problems for a finite
interval ,. They also arise as representation formulas for the solutions of
differential equations. Indeed a differential equation can be replaced by
an integral equation that incorporates its boundary condition. As such,
each solution of the integral equation automatically satisfies the
boundary conditions. Integral equations also form one of the most useful
tools in many branches of pure analysis, such as functional analysis and
stochastic processes. One can also consider integral equations in which
the unknown function is dependent not only on one variable but on

several variables. Such for example, is the equation

u(s) = £(s) + J-HK(S, O u(t)dt (1.5)

Where , s, t are n - dimensional vectors and Q is a region of an n
—dimensional space. Similarly, one can consider systems of integral
equations with several unknown functions. An Integral equation is called
Linear if only linear operations are performed in it upon the unknown
function. Equations (1.2) and (1.3) are linear, while (1.4) is nonlinear. In

fact equations (1.2) and (1.3) can be written as

Llg($)] = f(s) (1.6)

Where L[g(s)] = fab K(s, t)g(t)dt. Then for any constant c; and ¢, we

have i.e. integral equation satisfy linear property.

1.3 CLASSIFICATION OF LINEAR
INTEGRAL EQUATIONS

The most frequently used linear integral equations fall under two main

classes namely Fredholm and Volterra integral equations. However, in




this text we will distinguish four more related types of linear integral
equations in addition to the two main classes. In the following is the list
of the Fredholm and Volterra integral equations, and the four more

related types:

1. Fredholm Integral Equations

2. Volterra Integral Equations

3. Integro-differential Equations

4. Singular Integral Equations

5. Volterra-Fredholm Integral Equations

6. Volterra-Fredholm Integro-differential Equations

1.3.1 Fredholm Linear Integral Equation

The standard form of Fredholm linear integral equations, where the

limits of integration a and b are constants, are given by the form

b
d(s)g(s) = f(s) +;Lf K(s,t)g(t)dt a<st<bh (1.8)

Where the kernel of the integral equation K(s,t) and the function f(s) are
given in advance, and A is a parameter. The equation (1.8) is called linear
because the unknown function g(x) under the integral sign occurs
linearly, i.e. the power of g(x) is one. The value of @(x) will give the

following kinds of Fredholm linear integral equation

1. When @(x) =0, equation (1.8) becomes

b

f(s)+ ,lf K(s, t) g(t)dt (1.9)

a

And the integral equation is called Fredholm Integral equation of First
kind.

2. When @(x) =1, equation (1.8) become

Notes
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b

g(s)=f(s)+ AJ K(s,t) g(t)dt (1.10)

a

And the integral equation is called Fredholm integral equation of the
second kind. In fact, the equation (1.10) can be obtained from (1.8) by
dividing both sides of (1.8) by @(s) provided that @(s) # 0.

In summary, the Fredholm Integral equation is of the first kind if the
unknown function g(s) appears only under the integral sign. However,
the Fredholm integral equation is of the second kind if the unknown

function g(s) appears inside and outside the integral sign.

1.3.2 Volterra Linear Integral Equation

The standard form of Volterra linear integral equations, where the limits

of integration are functions of s rather than constants, are of the form
5
¢(s)g(s) = f(s) +ﬂf K(s, t) g(t)dt (L.11)
il

Where the unknown function g(s) under the integral sign occurs linearly
as stated before. It is worth noting that (1.11) can be viewed as a special
case of the Fredholm integral equation when the kernel K(s, t) vanishes
fort > s, sis in the range of integration [a, b]. As in Fredholm equations,
Volterra integral equations fall under two kinds,

1. When @(x) =0, equation (1.11) becomes
f(5}+}1f K(s,t) g(t)dt (1.12)

And in this case the integral equation is called Volterra integral equation
of the First Kind.

2. When @(s) =1, equation (1.11) becomes

9(s) = £(s) +;1f K(s,t) g(t)dt (1.13)




And in this case the integral equation is called the Volterra integral
equation of the Second Kind. In summary, the Volterra integral equation
is of the first kind if the unknown function g(s) appears only under the
integral sign. However, the Volterra integral equation is of the second
kind if the unknown function g(s) appears inside and outside the integral
sign.

Examining the equations (1.8)-(1.13) carefully, the following remarks

can be concluded.

Remarks

1. The structure of Fredholm and Volterra equations: The unknown
function g(s) appears linearly only under the integral sign in linear
Fredholm and Volterra integral equations of the First Kind. However, the
unknown function g(s) appears linearly inside as well as outside the
integral sign in second kind of both linear Fredholm and Volterra integral

equations.

2. The Limits of Integration: In Fredholm integral equations, the
integral is taken over a finite interval with fixed limits of integration.
However, in Volterra integral equation, at least one limit of the range of
integration is a variable, and the upper limit is the most commonly used

with a variable limit.

3. The Linearity property: As indicated earlier, the unknown function
g(s) in linear Fredholm and Volterra integral equations (1.10) and (1.13)
occurs to the first power wherever it exists. However, nonlinear
Fredholm and Volterra integral equations arise if g(s) is replaced by a
nonlinear function F( g(s) ) , such as g2(s) ,e8®) and so on. The

following are examples of nonlinear integral equations

g(s) = f(s) + A [L K(s,t) g2(t)d. (1.14)
g(s) = f(s) + A [ K(s,t) e9Odt. (1.15)
g(s) = f(s) + A [] K(s,t) sin(g(t)) dt. (1.16)

Notes
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4. The Homogeneity property: On setting f (s) =0 in Fredholm or
Volterra integral equation of the second kind given by (1.10) and (1.13),
the resulting equation is called a homogeneous integral equation,

otherwise it is called nonhomogeneous integral equation.

1.3.3 Integro-Differential Equations

In this type of equations, the unknown function g(s) occurs in one side as
an ordinary derivative, and appears on the other side under the integral
sign. Further, we point out that an Integro-differential equation can be
easily observed as an intermediate stage when we convert a differential
equation to an integral equation.

The following are examples of Integro-differential equations:

9'(s) =—s+ [[s-0g®dt, g(0)=0,g'(0)=1. (1.17)
g'(s)=—sins—1+ [, g(t)dt, g(0)=1. (1.18)
g'(s)=1—zs+ [ stgt)dt, g(0)=1. (1.19)

Equations (1.17), (1.18) are Volterra Integro-differential equations, and
(1.19) is a FredholmIntegro-differential equation. This classification has

been concluded as a result to the limit of integration.
1.3.4 Singular Integral Equations

The integral equation of first kind

B(s)
fls) =12 f . K(s,t) g(t)dt (1.20)

or the integral equation of second kind

B(s)
gs)=f(s)+4 K(s, t) g(t)dt (1.21)
a(s)

is called singular if the lower limit, the upper limit or both limits of
integration are infinite. In addition, the equation (1.20) or (1.21) is also




Notes
called singular integral equation if the kernel K (s, t) becomes infinite at

one or more points in the domain of integration. Examples of first type of

singular integral equations are given by as

o

g(s) =2s+ 6f sin (s — t) g(t)dt (1.22)
0
1 0
g(s) =s+—f cos(s + t) g(t)dt (1.23)
3w
1 4]
g(s)=1+sz+gf (s +t) g(t)dt (1.24)

Where the singular behavior in these examples has resulted from the
range of integration becoming infinite Examples of the second type of

singular integral equations are given by

s? = f;ﬁg(t)dt. (1.25)
s= fﬂsﬁg(t)dt, 0<a<l. (1.26)
g(s) =1—2vs— fjﬁg(t)dt (1.27)

Where the singular behavior in this type of equations has resulted from
the kernel K(s,t) becoming infinite as t — s. It is important to note that
singular integral equations similar to examples (1.25) and (1.26) are
called Abel’s integral equation and generalized Abel’s integral equation
respectively. Singular integral equation similar to example (1.27) are

called the weakly-singular second-kind Volterra type integral equations.

1.3.5 Volterra-Fredholm integral equations

The Volterra-Fredholm integral equation, which is a combination of
disjoint Volterra and Fredholm integrals, appears in one integral
equation. The Volterra-Fredholm integral equations arise from the
modeling of the spatiotemporal development of an epidemic, from

boundary value problems and from many physical and chemical

13
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applications. The standard form of the Volterra-Fredholm integral

equation reads

5 b
g(s) = f(s) + f Ky(s, ) g(6)dt + f Ky(s,t) g(t)dt (128)
0 a

Where Kj (s, t) and K; (s, t) are the kernels of the equation. Examples

of the Volterra-Fredholm integral equations are

T

g(s) =2s— J-j(s —t)g(t)dt + fgsg(t)dt (1.29)
0 0

b

g(s) =sins —coss —I gt)dt + jgg(t} dt (1.30)
0 0

Notice that the unknown function g(s) appears inside the Volterra and

Fredholm integrals and outside both integrals.

1.3.6 Volterra-FredholmIntegro Differential

Equations:

The Volterra-Fredholm Differential Equation, which is a combination of
disjoint Volterra and Fredholm integrals and Differential operator, may
appear in one integral equation. The Volterra-Fradholmintegro-
Differential equations arise from many physical and chemical
applications similar to the Volterra-Fredholm equations. The standard

form of Volterra-FradholmIntegro-Differential equation reads
s b
g'(is)=f(s) + j K,(s,t) g(t)dt + f K,(s,t) g(t)dt (1.31)
0 a

Where K; (s, t) and K; (s, t) are the kernels of the equation, and n is the
order of the ordinary derivative of g(s). Notice that because this kind of
equations contains ordinary derivatives, then initial conditions should be
prescribed depending on the order of the derivative involved. Examples

of the Volterra-FredholmIntegro-differential equations are




gs)=1+ f (s —t) g(t)dt +j (st) g(t)dt, g@®=1 (1.32)
0 i

and

1 5 T
7@ ==s-25+ [ g0+ [ ©gwar 90
0 -n (1.33)

=1,9'(0) =2

Notice that the unknown function g(s) appears inside the Volterra and
Fredholm integrals and outside both integrals. Finally in this section, we
illustrate the classifications and the basic concepts that were discussed

earlier by the following examples.

Example 1.Classify the following integral equation

g(s) :5—%53-}-_’:(5—t)g(t)dt (1.34)

asFredholm or Volterra integral equation, linear or nonlinear and
homogeneous or nonhomogeneous. Note that the upper limit of the
integral is and the function g(s) appears twice. This indicates that
equation (1.34) is a Volterra integral equation of the second kind. The
equation (1.34) is linear since the unknown function g(s) appears

linearly inside and outside the integral sign. The presence of the function
f(s) = s— 253 classifies the equation as a non-homogeneous equation.

Example 2.Classify the following integral equation

g(s) :%-l-s—fﬂ (s —t) g2(t)dt (1.35)

As Fredholm or Volterra integral equation, linear or nonlinear and
homogeneous or non-homogeneous. The limits of integration are
constants and the function g(s) appears twice, therefore the equation

(1.35) is a Fredholm integral equation of the second kind.

Notes

15
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Further, the unknown function appears under the integral sign with

power 2 indicating the equation is a non-linear equation. The non-
homogeneous part f(s) appears in the equation showing that it is a non-
homogeneous equation.

Check your Progress-1

1. Define Linear Integral Equation

2. Explain Fredholm Linear Integral Equation

3. State Volterra integral equation of the First Kind.

1.4 RELATIONS BETWEEN
DIFFERENTIAL AND INTEGRAL
EQUATIONS

To convert the Differential Equations to Integral equations, the following

results are necessary:

1.4.1 Leibnitz Rule of Differentiating Under The
Integral Sign

If F(x,t) and % are continuous functions of x and t in the domain a <

X <B,th<t<ty,

then

16
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d J‘f’(ﬁ')
— F(x, t)dt
dx a(x)

C [P@aF(x,t)  db(x) 36
- [, e G ) 00

dal(x)
~ F(x,a(x))

provided the limits of integration a(x) and b(x) are defined functions

having continuous derivatives for ¢ < x < . This rule may be used to
convert integral equations to equivalent ordinary differential equations.

In particular, we have

(i) For Volterra Integral Equation:

%[Jj.‘((x, tu(t)dt] = LXZ—Z u(t)dt + K(x, x)u(x) (1.37)

(i) For Fredholm Integral Equation:

b b
%[L K(x, t)u(t)dt] = J; Z—f u(t)dt (1.38)

Here u(t) is independent of x and hence on taking partial derivatives with

respect to X, u(t) is treated as constant.
1.4.2 Cauchy’s Formula for Repeated Integration

Let f be a continuous function on real line. Then, the " repeated integral

of f based at a is given by single integration:

J: J:l J:n_lf(xﬂ) dxy, ..dx,dx; = ﬁJ:(x — )" f(t)dt

Proof: The proof will be established using Mathematical Induction.
Since f is continuous, the base case follows from the Fundamental
theorem of calculus:

Let

17
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I(x) = rrl ...jxn_lf(xn} dx, ...dx,dx,

a a a

—m(x)] j f(Odt = )
h(a) = [ f()dt =0

Now, suppose result is true for -, and let us prove it for - + 1. Apply the
induction hypothesis and switching the order of integration,

X rxg Xn-1
a1 (%) = j j j FGnsr) dxnss - dxpdxy
i a [1}

(n_ 1}J J- (x;, — )" f(t)dt dx,

(n—l}lf f (x, — )" f(t)dx, dt

[After changing the order of integration]
1 X
= —f (x —t)"f(D)dt
n!J,

Hence the proof follows. This n-fold integrals is an essential and useful
formula that has enormous applications in the integral equation

problems.

1.4.3 Converting IVP to Volterra Integral

Equations

* An Initial VValue Problem

Example 1

18
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y"'(x) = Ay(x) + g(x) (1.39)
y(0)=1,y'(0) =0 (1.40)
Let
y'(x) = F(x). (1.41)

Integrating with respect to between limit Oto x, we have

x
Vo= f F(t)dt + A
o
Again integrating
" X px x
y'=[, J, F)dt+A [ 1.dt +B
Where A and B are constant using Cauchy’s Formula

y(x) = jx(x —t)F(t)dt + Ax + B (1.42)
0

Now using the initial conditions, y(0) = 1, y'(0) =0, we get
y(0)=0+Bi.., B=1
y'(0) =0+ A ,i.e., A=0 Hence (1.42), becomes

y(x) =1+ fx(x — t)F(t)dt (1.43)
0

From (1.39) and (1.42), we have

F(x) = Ay(x) + g(x) (1.44)
Now, substituting the value of F(x) from (1.44) in (1.43), we get

19
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Yo =1+ j (x — D[Ay(®) + g(D]de
[i]

y(x)=1+ Afx(x —t) y(t)dt + fx(x —t) g(t)dt
0 a

which is a Volterra integral equation of second kind in y (X)

+ General Initial Value Problem Reduce the initial value problem

Y (x) +u(x)y'(x) + v(x)y(x) = g(x)

y(a)=A,y'(a) =B

Solution:

y'(x) = —u(x)y'(x) — v(x)y(x) + g(x) (1.45)
Integrating over ‘a’ to ‘x’, we have

[F&%wﬁﬂ=—fu®f®&—fvmﬂﬂm+fgmﬂ

Integrating by parts, we have

y'(0) - B = ~u(@y©]1X + j W @)y(O)dt - f Vet + f g(O)dt

or

y'(x)— B = f [ () — v(©)]y(e)de + f g(O)dt —u(x)y(x) + u(a)A

Again integrating over a to X, we obtain by Cauchy’s Formula

20
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[y(x) —y(a)] - B(x — a) =f:(x —t)u'(t) - V(F)]}'(E)dt+f:(x — t)g(t)dt
— [Fu(®)y(t)dt +u(a) A (x-a)

It implies

y(x) = F(x) + LIK(x, t)y(t)dt
where
F(x) =A+B(x—a) + f:(x — )g(O)dt +u(a) A (x— a)
K(x,t) = (x — t)[u'(t) — v(t)] — u(t)

this is required result.
Note: To convert an IVP to Volterra Integral equation, integrate between

the initial value and x.

1.4.4 Converting BVP to Fredholm Integral

Equations

The method is similar to that discussed in previous section with some
exceptions that are related to the boundary conditions. We demonstrate
this method with an illustration.

Check your Progress-2

4. State Cauchy’s Formula for Repeated Integration

5. Explain how to convert I\VVP to Volterra Integral Equations

1.5LET US SUM UP

21
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In this chapter, we have discussed the classifications of integral
equations such as Fredholm Integral Equation, Volterra Integral Equation
and many others along with the kinds of particular equation. After that
we studied the relation between Integral equation and Differential
equation with the conversion of Initial Value Problem into Volterra
Integral Equation and Boundary Value Problem into Fredholm Integral

Equation.

1.6 KEYWORDS

1. Dimensional Vector: In mathematics, the dimension of a vector
space V is the cardinality (i.e. the number of vectors) of a basis of V
over its base field

2. Finite Interval - A finite interval (bounded interval) is an interval,

whose both endpoints are numbers

1.7QUESTIONS FOR REVIEW

1. Classify each of the following integral equations as Volterra or
Fredholm integral equation, linear or nonlinear, and homogeneous or

non-homogeneous;
a) u(x) = x+ [, (x — D?u(tdt

b) u(x) = e* + [ t2u?(v)dt

Find the equivalent Volterra integral equation to the following initial

value problem

y'x)+yx)=cosx , y0)=0, y'(0)=1.




Notes

1.8 SUGGESTED READINGS AND
REFERENCES
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1.9 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide definition —1.2

2. Provide definition with the help of equation — 1.3.1
3.Provide explanation with the help of equation — 1.3.2
4. Provide Formula —1.4.2

4. Provide explanation — 1.4.3
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UNIT-2 KERNELS AND ITS TYPES

STRUCTURE

2.0 Objectives

2.1 Introduction

2.2 Types of Kernels
2.2.1 Symmetric Kernel
2.2.2 Separable Kernel
2.2.3 Resolvent Kernel
2.2.4 lterated Kernels

2.3 Eigenvalues and Eigen functions

2.4 Reduction of Integral Equations to System of Algebraic Equations

2.5 Fredholm Alternative

2.6 Let us sum up

2.7 Keywords

2.8 Questions for Review

2.9 Suggested Reading and References

2.10 Answers to Check your Progress

2.0 OBJECTIVES

Understand the concept of Different types of kernels
Understand Eigenvalues and Eigen functions

Enumerate Reduction of Integral Equations to System of Algebraic

Equations




Notes

2.1 INTRODUCTION

We will explore different types of kernels in this Chapter. We will

understand the relationship of Eigen values and functions with kernels.

2.2 TYPES OF KERNELS

The following special cases of the kernel of an integral equation are of
main interest:-

(i) Symmetric Kernel

(i) Separable Kernel

(iii) Resolvent Kernel

(iv) lterated Kernels

2.2.1 Symmetric Kernel

A Kernel K (s,t) is symmetric (or complex symmetric or Hermitian) if
K (st) =K* (t,s)

where the asterisk denotes the complex conjugate. For a real kernel, this
coincides with definition

K(st)=K(t,5s)
For example, sin(x,t) , log xt , X’ + xt + 1 etc. are all symmetric kernels.
Again, sin(2x + 3t ) and x*t® + 1 are not symmetric kernels. Again i(x — t
) is a symmetric kernel, since in this case, if K (x, t) = i(x —t), then
K (t, x) =1 (t—x), and so

K(t,x) = —i(t —x) =i(x —t) = K(x, t).

On the other hand, i(x + t) is not a symmetric kernel, since in this case, if
K (x, t) = i(x +t), then

K(t,x)=i(t+x) = —i(t+x) =—K(x,t)

and so _
K(x,t) # K(x,t).
25
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2.2.2 Separable or Degenerate Kernel

A kernel K(s,t) is called separable or degenerate if it can be expressed as
the sum of a finite number of terms, each of which is the product of a
function of s only and a function of t only, that is

n

K(s,t) = Z a;(s)bi(s)

=1

Remark. The functions aj(s) can be assumed to be linearly independent,
otherwise the number of terms in relation (1.59) can be reduced (by
linear independence it is meant that, if c;a; + C2a; + ...+ cpa, = 0. where

ci are arbitrary constants, thenc; =c,=...=¢, =0

2.2.3 Resolvent Kernel Suppose solution of integral

equations

b
y() =)+ [ Kxoy©de
and
yx)=f(x)+ Af K(x, t)y(t)dt

be respectively

b
y(x) = f(x)+ /IJ R(x,t; D)y(t)dt

and

y(x) = f(x) + Af I'(x, t; )y(t)dt

Then R (x, t; A)or I'(x, t ; A)is called the Resolvent kernel or reciprocal

kernel of the given integral equation
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2.2.4 Iterated Kernels

Consider Fredholm integral equation of the second kind

b
Y0 = () + 2 f K(x, t)y(t)dt

Then, the iterated kernels K,(x,t), n =1,2,3, --- are defined as follows:

Ki(x,t) = K(x,t)

b
K,(x,t) = J K(x,2)K,_,(x,t)dt n=2.3,..

a

2.3 EIGENVALUES AND EIGEN
FUNCTIONS

Consider the homogenous Fredholm Integral equation

b
y(x) = AJ K(x, )y(t)dt (2.0)

a

Then (2.0) has the obvious solution y(x) = 0, which is called the zero or
trivial solution of (2.0). The values of the parameter A for which (2.0) has
a non-zero solution y(x) # 0 are called the eigenvalues of (2.0) or of the
kernel K(s, t) and every non-zero solution of (2.0) is called an

eigenfunction corresponding to the eigenvalue A.

Remark 1. The number A = 0 is not an eigenvalue since for A = 0 it
follows from (2.0) that y(x) = 0.

Remark 2. If y(x) is an eigenfunction of (2.0), then cy(x), where c is an
arbitrary constant, is also an eigen function of (2.0) which corresponds to

the same eigenvalue A.

27
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Remark 3.A homogenous Fredholm integral equation of the second kind
may, generally, have no eigenvalue and eigenfunction, or it may not have
any real eigenvalue or eigenfunction.

Check your Progress-1
1. Define
a. Separable or Degenerate Kernel

b. 2.2.4 lterated Kernels

2. What is Eigen Value and Eigen Function?

2.4 REDUCTION OF INTEGRAL
EQUATIONS TO SYSTEM OF
ALGEBRAIC EQUATIONS

In Lesson-I, we have defined a degenerate or a separable kernel
K (s, t) as

M::

K(s,t) = ) a;(s)b;(t) (2.1)

=1
where the functions a;(s) , ax(s) , ... an(s) and the functions b;(s) , ba(s) ,

... bp(s) are linearly independent. With such a kernel, the Fredholm
integral equation of the second kind.
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g(s) = f(s) + AfK(s, t) g(t)de (2.2)
becomes
g(s) = f(s) + A Z a;(s) f b(H)g(t)dt (2.3)

It emerges that the technique of solving this equation is essentially
dependent on the choice of the complex parameter ' and on the definition
of

;= fb,—(t)g{t)dt (2.4)
The quantities c; are constants. Substituting Equations (2.4) in (2.3) we
get

n
g(s) = f(s) +AZ cia;(s) (2.5)
=1

and the problem reduces of finding the quantities c;. To this end, we put

the value of g(s) as given by equation (2.5) in (2.3) and get

n

> as) [c{ - [ b

i=1

fle)+A r:kak(t)] dt‘ =0 (2.6)
but the functions a;(s) are linearly independent, therefore,

i — f b;(t)

or AZ ckak(t)ldt —0, i=12-n 2.7)
k=1

Using the simplified notation

f b(Of©)dt = f; , f bi(Day(H)dt = ay. (28)
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Where f; and ajx are known constants, equation (2.7) becomes

mn
Ci—ﬂzckﬂm =fi, i=12,n (2.9)
k=1
that is, a system of n algebraic equations for the unknowns c;. The
¢ 1—Aaqq —Aay; —Aaqq
D(A) = —Aa,, 1-2a,, —Aay, (2.10)
—Aa,, —Aa,s 1 - Aa,,

which is a polynomial in A of degree at most n. Moreover, it is not
identically zero. Since, when A = 0, it reduces to unity. For all values of
A for which D(X) # 0, the algebraic system (2.9), and thereby the integral
equation (2.2), has a unique solution. These values of A are called
regular, on the other hand, for all values of A for which D(A) becomes
equal to zero, the algebraic system (2.9) and with it the integral equation
(2.2), either insoluble or has an infinite number of solutions. Setting A =
1/u in equation (2.9) we have the eigenvalue problem of matrix theory.
The eigenvalues are given by the polynomial D(A) = 0.They are also the

eigenvalues of integral equation.

Example 1. Solve the Fredholm integral equation of second kind

1
g(s)=s+ .'»lf (st? + s%t) g(t)dt (2.11)
o

1 1
cy =f t? g(t)dt, c, =J t g(t)dt (2.12)
0 a

therefore equation (2.11) becomes

g(s) = s+ Acys + Acys? (2.13)
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Using (2.12) in (2.11), we obtain the algebraic equations

1 1}1 1,51
cl—4+4 Cl+5 Cy
1 1
c; =§+§Ac'1 +Z}1£2 (2.14)

The solution of these equations is readily obtained as

By equations (2.13) and (2.15), we get the solution

[(240 — 602)s + 80As?]

- 2.16
96) = 1200 - 22 (210)
60 + 1 80
— _ 2.15
T 240 - 1200 — A2 2T 2401202 — 22 (&15)
Example 2. Solve the integral equation
1
g(s) = f(s) +Af (s +t)g(t)dt (2.17)
0

And find the eigenvalues.

Here, a,(s) = s,a,(s) =1,b(t) = 1,b,(t) =t

1 1 1
ﬂlizftdtz— y ﬂ,]_z:fdt:l,
0 2 0
1 1 1
ﬂz]_:J- tzdt:— . azzzj Edt=1}'2,
0 3 0
1 1
fi= | fode f= | o
0 0

Substituting these values in equation (2.9), we have the algebraic system
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1 1 1
(1—§A)c1 —Ae, =f;, —§351+(1—§A)Cz = fa

The determinant D(A) = 0 gives 12 + 124 — 12 = 0. Thus, the

eigenvalues are

M=(-6+4V3), 2,=(-6-4V3),

For these two values of A., the homogenous equation has a nontrivial
solution, whereas the integral equation (2.17) is, in general, not soluble.

When A differs from these values, the solution of the preceding algebraic

system is
o = —12f; + A(6f; — 12f3)
1 A2 +124 — 12
o = —12f, + A(4f1 — 6f2)
2 A2+ 124 — 12

Using the relation (2.5), there results the solution

16(A—2)(s +t) — 124st — 44
S(S}Zf(SHAJ. ( iﬁi 121_125{ f(t)dt (2.18)
0

The function I'(s, t; A),

6(1—2)(s+t)—12Ast — 44

(2.19)
2 +121—-12

I'(s,t;4) =

is called the resolvent kernel. We have. therefore succeeded in inverting
the integral equation because the right-hand side of the preceding
formula is a known quantity.

Example 3.Invert the integral equation
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6(A—2)(s+1t)—12Ast — 44
I(s,t; 1) = 12 (2.19)

As in the previous examples, we set

2m
c zJ- (cost)g(t)dt
0
To obtain
g(s) =f(s) + Acsins. (2.21)

Multiply both sides of this equation by cos and integrate from Oto 2é.
This gives

2m
c= f (cost)f(t)dt (2.22)
0
From equations (2.22) and (2.21), we have the required formula:
2m
g(s) = f(s) + Af (sins cost) f(t)dt. (2.23)
1]

Example 4. Find the resolvent kernel for the integral equation

1
g(s) =f(s) + .&f (st + s2t?) g(t)dt. (2.24)
-1

For this equation,

a,(s) = s ,a,(s) =s* ,by(t) =t ,by(t) = t*,
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2
a11:§, a;; =az; =0, ﬂ22:§=

1 1
fi = f e, fo= f [CL

Therefore, the corresponding algebraic system is

e (1 —%A) s (1 - ga) - (2.25)

Substituting the values of ¢; and c; as obtained from Equation (2.25) in
(2.5) yields the solution

(s) = f( )+,1f1 ad + st f(t)dt (2.26)
s)=fl(s .
7 p [1=-21 1-22
3 3
Thus, the resolvent kernel is
Fs. 65 ) st N s2t2
StLAN= Z 7 (2.27)
1—§}L l—gz‘l

2.5 FREDHOLM ALTERNATIVE

In the previous sections, we have seen that, if the kernel is separable, the
problem of solving an integral equation of the second kind reduces to
that of solving an algebraic system of equations. Although the integral
equations with degenerate kernels are not found frequently in practice,
yet the results derived for such equations are essential to study integral
equations of more general types.

Furthermore, any reasonably well-behaved kernel can be expressed as an
infinite series of degenerate kernels. When an integral equation cannot be

solved in closed form, then we have to use approximate methods to solve
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a given integral equation. However any approximate methods can be

employed with confidence only if the existence of the solution is known
in advance.

The Fredholm theorems explained in this Lesson plan provide such an
assurance. The basic theorems of the general theory of integral equations,
which were first presented by Fredholm, correspond to the basic
theorems of linear algebraic systems. Here, we shall deal with degenerate
kernels and borrow the results of linear algebra. In Section 2.3, we have
found that the solution of the present problem rests on the investigation
of the determinant (2.10) of the coefficients of the algebraic system (2.9).
If D(A) # 0, then that system has only one solution, given by Cramer's

rule

_ (D1ify + Daifz + =+ + Dpifa)

ci BIe) , i=12,,n (2.28)

Where Dy denotes the cofactor of the (4, s)th element of the determinant
(2.10). Consequently, the integral equation (2.2) has the unique solution
(2.5), which, in view of (2.33), becomes

O (Duify + Daify + -+ Duifr 29
g(s)=f(s)+ﬁlz( i 252@) f)ai-(sj (2.29)

while the corresponding homogeneous equation

g(s) = .&jf{[s, t)g(t)dt (2.30)

has only the trivial solution g(s) = 0. Substituting for f; from (2.8) in

(2.29), we can write the solution g(s) as

35




Notes

96) = 1) + [57] @31

< !;wnbl(t) + Daiby(8) + -+ Daib (D]ai ()} F(D)dt

Now consider the determinant of (n + 1)th order

0 ay(s) a(s)
D (S, t; ﬂ) = bl(t) 1 - ‘A‘all b _Aaln
(2.32)
bn(t) _‘lanl 1- ‘laﬂﬂ

By developing it by the elements of the first row and the corresponding
minors by the elements of the first column, we find that the expression in
the brackets is D(s, t ; A) With the definition

[(s,t; 1) = —D(;'[;;)M (239

Equation (2.30) takes the simple form

g(s) = f(s) +Afl“(s,t;i)f[t)dr (2.34)

The function I'(s, t ; A) is the resolvent (or reciprocal) kernel we have
already encountered in Examples 2 and 4 in the previous section. For the
time being, we content ourselves with the observation that the only
possible singular points of I'(s, t ; A) in the A plane are the roots of the
equation D(A) = 0, i.e., the eigen values of the kernel

K(s,t) The above discussion leads to the following basic Fredholm

theorem
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Check your Progress-2

3.State the necessary remarks for Eigen value and Eigen Function

4. Explain Fredholm Alternative

2.6 LET US SUM UP

In this chapter, we have discussed separable kernel and how to solve
Fredholm integral equation of the second kind with separable kernel.
Also we discussed the method of finding eigenvalue and Eigen function
of the fredholm integral equation of the second kind by reducing the

equation to an algebraic system of equation.

2.1 KEYWORDS

3. Linearly independent function : Two functions y ; and
y » are said to be linearly independent if neither function is a constant
multiple of the other.

4. Polynomial - an expression of more than two algebraic terms,
especially the sum of several terms that contain different powers of

the same variable(s).

3. Insoluble - infinite number of solutions

2.8 QUESTIONS FOR REVIEW

1. Solve the homogenous Fredholm integral equation

2. Find the eigenvalues and

1
g(s) = .&f eSetg(t)dt
o
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eigenfunctions of the homogenous integral equation

9(s) = }lf [st +é]g(t)dt

3. Solve the following integral equations:

(1) y(x) — Af;n |t — t|sinx y(t)dt = x

(i)  y() =x+1[,(1+x+0y()dt

2.9 SUGGESTED READINGS AND
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2.10 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide definition—2.2.2 & 2.2.4
2. Provide explanation— 2.3
3. Provide remarks — 2.3

4. Provide explanation — 2.5




UNIT-3 FREDHOLM ALTERNATIVE
THEOREM

STRUCTURE

3.0 Objectives

3.1 Introduction

3.2 Fredholm Alternative Theorem

3.3 An Approximate Method

3.4 Iterated Kernels or Functions

3.5 Resolvent Kernel or Reciprocal Kernel
3.6 Let us sum up

3.7 Keywords

3.8 Questions for Review

3.9 Suggested Reading and References

3.10 Answers to Check your Progress

3.0 OBJECTIVES

Comprehend the Fredholm Alternative Theorem and An Approximate
Method

Understand the concept of Iterated Kernels or Functions

Understand the concept of Resolvent Kernel or Reciprocal Kernel

3.1 INTRODUCTION

In mathematics, Fredholm's theorems are a set of celebrated results

of Ivar Fredholm in the Fredholm theory of integral equations. There are
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several closely related theorems, which may be stated in terms of integral
equations, in terms of linear algebra, or in terms of the Fredholm
operator on Banach spaces.

The Fredholm alternative is one of the Fredholm theorems.

3.2 FREDHOLM ALTERNATIVE
THEOREM.

Either the integral equation

g(s) = f(s) +Aff{(s,r)g(r)dr (3.0)

with fixed A possesses one and only one solution g(s) for arbitrary
functions f(s) and K(s,t), in particular the solution g = 0 for f = 0; or the

homogeneous equation

g(s) Z.&J,K(s,r)g[t}dr (3.1)

possesses a finite number r of linearly independent solutions g, i =1,2,

.-+, 1. In the first case, the transposed inhomogeneous equation

(s) = £(s) + A [ Kt s)p(t)dt (3.2)
also possesses a unique solution. In the second case, the transposed

homogeneous equation

Y(s) =4 f K(t, s)y(t)dt (3.3)

also has r linearly independent solutions ¥, , s =1,2, -+, r; the

inhomogeneous integral equation (2.27) has a solution if and only if the

given function f(s) satisfies the r conditions




(f. o) = f £($)o,(s)ds = 0 (3.4)

In this case, the solution of (3.1) is determined only up to an additive

linear combination ¥.i_; c;go,
The following examples illustrate the theorems of this section.

Example 1. Show that the integral equation

21

1
g(s) =f(s) + (E) f [sin(s + t)]g(t)dt (1)
0

possesses no solution for f(s) = s, but that it possesses infinitely many

solutions when f(s) = 1. For this equation,

K(s,t) = sinscost + cosssint,

a;(s) =sins, a»(s) =coss, bi(t) = cost , ba(t) = sint.
Therefore,
2m
a;, = J. sintcostdt =0 = a,,,
0
2w
a, :j cos’tdt =m = a,, .
0
p=|1 T =1-2n @
—Am 1

The eigenvalues are

Notes
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and equation (1) contains A, = 1/m

Therefore, we have to examine the Eigen functions of the transposed

equation (note that the kernel is symmetric)

2w

g(s) = (%)L sin(s + t) g(t)dt (3)

The algebraic system corresponding to (3) is

c; — Amec, =0, —Amc; +¢c; =0
which gives
1 1
¢, = cfor A, =— c. = —c-ford, = — —
1 2 1= 1 2 2 -

Therefore, the Eigen functions for A, = 1/x | follow from the relation

(2.5) and are given by

g(s) = c(sins + cos s) (3)
Since

2w

(ssins +scoss)ds = -2 % 0
0

While

2mw
f (sins + coss)ds =0
0

Example 2. Solve the integral equation

1
g(s) = £(s) + 4 j (1 - 3st)g(Dd
i

The algebraic system (2.9) for this equation is
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(1—A)c; + %Acz =f, —%;{ci + (14D, =f (2)
While
1-14 =2 .
pw=| , 2 )
—EA 1+ 4

Therefore, the inhomogeneous equation (1) will have a unique solution if

and only if A# +£2. Then the homogeneous equation

1
g(s) = AJ- (1—3st)g(t)dt 4)
0

has only the trivial solution. Let us now consider the case when ' is equal
to one of the eigen values and examine the eigen functions of the

transposed homogeneous equation

¥

1
g(s) = AJ- (1—3st)g(t)dt (5)
0

For A = +2, the algebraic system (2.59) gives ¢; = 3C,. Then, (2.5) gives
the eigenfunction

(6)
g(s)=c(1-s)

where c is an arbitrary constant. Similarly, for A = —2, the corresponding

Eigen function is

g(s) =c(1— 3s) )

It follows from the above analysis that the integral equation

1

gs)=f(s)+ ZJ- (1—3st)g(t)dt

0
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will have a solution if f(s) satisfies the condition

1
J- (1 —5) f(s)ds =0
0

while the integral equation

1
g(s) = f(s) — 2 f (1 - 3st)g(t)dt
0

Will have a solution if the following holds:

fl{l — 35)f(s)ds = 0
0

3.3 AN APPROXIMATE METHOD

We propose to describe a useful method for finding approximate
solutions of some special type of integral equations. We shall explain this

method with the help of following example

Example 1. Solve the integral equation

1

y(x) =e*—x— J- x(e*t — 1)y(t)dt

0

Solution: Let us approximate the kernel by the sum of the first three

terms in its Taylor series :

K(x, t) = x(e* - 1) = x[l +};—f+ (};tl)z + (ij - 1}

Which is a separable kernel. Then, the given integral equation takes the

form




1 1 1
y(x) = eX —x— f x°t+ =x3t? + =x*t? ) y(t)dt (1)
(eregee axe)
1 1
C,=— f téy(t)dt )
2 0
1t 5
C; = ——f t? y(t)dt ©)
6 0
Then (1) gives
y(x) = e* — x + C1x* + Cox? + C3x* (6)
y(t) = et — t+ C,t2 + C,t% + Cyt* (7)

Substituting the value of y(t) given by (2.71) in (2.67) we get

1
C, = —J tlet — t + Cyt? + Cot? + Cyutt)dt
]

- twr-eto =) -(3)-(3) -3

Substituting the value of y(t) given by (7) in (4), we get
C, = —%folt(e‘ —t+ C,t%? + C,t3 + C,tH)dt

1 1 Cy Cs
o TR ATt POy Y o B) DRDN (o 3\ VY )
G2 ==3ite’~2tei+2es + 3 (10) (12) (14)

C‘+(13)xc+c3— (l)x( 2e +2e —2) + &
TR ET) S v il U Rl e

G+ oG+ =2 ®
5T g e gl g0

Substituting the value of y(t) given by (7) in (5), we get

1 1
Cy = _Ef t3(ef —t + Cyt? + Cot? + Cat*)dt
o

Notes
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1! 1t Cy (! C, (1 Cs !
C;:——j t3etdt+—f t"dt——lf tsdt——zj tﬁdt——sffdt
6 (i} 6 (1] 6 (1] 6 0 6 0

1 Iyt 2.t t t1l 1 1 1 1
€3 = == [(t)ef = 3t%e’ + 6te’ — 6T} + 35— =C1 =55 G, = =C;

1 1 49 29
ECI.I.?CZ +?C2=2€—? (9)

Solving (7), (8) and (9) leads to
C, = —0.5010,C, = —=0.1671 and C; = —0.0422

With these values, (6) gives the required approximate solution of (1) as
y(x) = e* —x —0.5010x% — 0.1671x* — 0.0422x* (10)

Now as usual, we prove that the exact solution of given equation

1

y(x)=e*—x— f x(e* — D)y(t)dt (11)
0
is given by
y(x) =1 (12)

From (12), y(t) = 1. Then, we have

1
RH.S of (2.75)=e* —x — _]"013‘:(6*"r —1Ddt=e* —x—x [%] + [xt]} = e* —x —
0

(e*—1D+x=1=y(x)=LHS.of (11)

Hence y(x) = 1 is the exact solution of (12).
Using the approximate solution (11) for x =0, x = 0.5and x = 1.0, the
values of y(x)=1.0000, y(0.5) = 1.0000 and y(1)=1.0080 which agrees

with exact solution (12) rather closely.

3.4 ITERATED KERNELS OR
FUNCTIONS




Definition.
i) Consider Fredholm integral equation of the second kind

Then, the iterated K,: n=1, 2, 3, ... are defined as follows:

K (x,t) = K(x,t) (2)
and
fb

Kp(x,t) = | K(x,2)K,,—1(2,t)dz, n = 2,3, ... 3
or . ¢)

K,(x,t) = f K,_,(x,z)K(z,t)dz, n = 2,3, ...

X

y() = £ +1 | Kex,0y(de @

il

(i) Consider Volterra integral equation of the second kind

Then, the iterated K : n=1, 2, 3, ... are defined as follows:

L

K,(x,t) = K(x, t) (%)

And

K, (x,t) = fx.‘( (x,z)K,_,(z,t)dz, n = 2,3, ... ©6)

or .
K,(x,t) = J- Ko_1(x,2)K(z,t)dz, n= 2,3, ...
o

3.5 RESOLVENT KERNEL OR
RECIPROCAL KERNEL

Suppose solution of Fredholm integral equation of the second kind

Notes
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b
P&)=ﬂﬂ+ﬂffﬂnﬂﬂﬂﬂ 0

y(x) = f() + 1 [ R(x, t; A}f(t)dt}
or (2)

y() = f(x) + A f, TCx, t; Df ()t

Then R(x, t; X) or I'(x, t; X) is known as the resolvent kernel of (1).

ii) Suppose solution of Volterra integral equation of the second kind

y(x) = f(x) +2 f xh’(x, £)y(6)dt 3)
Y@ =) +2 LS R(x, 6 D) f (D dt
y(x) = f() + [, T, t; Df (Bdt )

Then R(x, t; ) or I'(x, t; 1) is known as the resolvent kernel of (3).

3.5.1 Theorem: The m" iterated kernel Km(x, t) satisfies the relation

b
Kn(,0) = | Ko Co9)Kor e
a
where r is any positive integer less than m.
Proof. The m™ iterated kernel Kin(x, t) is defined as
Ki(x,t) = K(x,t) (3)

and

b
%&ﬁ=fK@ﬂmH&ﬂﬂm=lam ®)

a
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Re-writing (6), we have

b
Km(x, t) = J K(x,51)Km-1(s1,t)ds, (7)

a

Replacing m by m — 1 in (6), we have
b b
Kn-a(x, t) = _.ra K(x,s)Km-2(s, t)ds =fﬂ K(x,52)Km—3(s2,t)ds;

or

b
Ko (X,51) = f K(s0,5,)K,n_o (5, £)dS, ®)

1]

Using (8), (7) reduces to

b b
Kn(x,t) = J- K(x,s1) {j K(s1,52)Km—2(s2, E)dsz} dsy

a

b b
Kn(x, t) = f j K(x,51)K(s1,52)Km—2(s2,t)ds; ds,
(¥} a

Proceeding likewise, we obtain

b b b
Ky (x,t) = f f J K(x,5)K(51,5,)K(53,53) . Ky (Spey, ) Sy o dS, dsy
a (4} a

or Kp(x,t)

b b b
= f j f K(x,5,)K(s1,53) . K(Sp_1, 5. )K(Sy, Sps1) v o K1 (Speq, D)dSipyq o ds,ds,
a a a

{(m-1)th order
integral

®)
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Note that R.H.S. of (9) is a multiple integral of order + — 1.Proceeding as

above, we may also write.

K.(x,y)

b b b
= f f f K(x,uy) ... K(uy,up) . Ko, y)duyp_y ... duyduy (10)
da a [}

(r=1)th order
integral

and
Km—r(y- t)

b b b
= f f K@, v) . Ky, v) . KUy, )dVy oy oo dvpdyy, (1)
a (44 4]
ada “a

(m=r=1)th order
integral

b
Now, -[a K. (x,y)Kpy_(y, )dy =

f: [{f: f: J'ab K(x,uy) o K(uy, ) o K (g, y)du,_y ... duzdul} P

{fab f: f: K(y,v;) . K(vy,15) . K(Vppeyo1, ) AV g .. dvzdvl}]dy.

[by (10) and (11)]

b
or [ KKy (0,000
a

b
[ [ KO K1) Kty 019) X KO, 02) K01, 03) K )

dvm—y_1 ... dvadvidydiy_y ... dupdiy (12)

[on changing the order of integration]

Note that the order of the multiple integral on R.H.S. of (8) is 1 + (r — 1)
+ (m—r—1),that is, m — 1. We have already proved that the order of the
multiple integral on R.H.S. of (3.1.3) is also m — 1. Thus, multiple

integrals involved in Kn(x, t) and ff K, (x,y)K,_-(y, t)dy are both of

the same order, namely, (m— 1)".
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Now, changing the variables of integrations in (8) without changing the

U Uz Up-1 v Vs Vin—r—=1
l ! ! L L 1 1
5152 aes mas Sr_15r5r+lsr+2 wes mew Sm_l

limits of integration according to the following scheme

We obtain

b
[ K@K .00y
b b b
= f f J- K(x,s,)K(s1,52) ... K(8y—1, 57 )K (571, 5;)

P S —
(n—1)th order

integral

(13)

X K(sy,Sp41) - K1 (Sp-1, t)dSppmq - ds,ds;

From (7) and (13), we obtain

b
Km(xt) = J- Ky (x, y)Kim—r(y, t)dy.

d

Check your Progress-1

1. Explain Fredholm Alternative Theorem.

2. Define Iterated Kernels or Functions

3. Provide statement of theorem for Resolvent Kernel

Notes
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3.6 LET US SUM UP

We also discussed Fredholm’s alternative and an approximated method
for solving Fredholm’s integral equation of the second kind with

separable kernel.

3.7 KEYWORDS

5. An arbitrary function simply means that it is a function that

you are free to define in any way you want

6. Multiple Integrals - is a generalization of the usual integral in one
dimension to functions of multiple variables in higher-dimensional
spaces, which is an integral of a function over a two-dimensional
region. The most common multiple integrals are double and triple

integrals, involving two or three variables

3.8 QUESTIONS FOR REVIEW

1. Solve the equation by considering separately all exceptional cases.

y(x) =2, e (e)dt,

2. Construct the resolvent kernels for the following kernels for specified
aand b.

T
(i) K(x,t) = sinx cnst;a=ﬂ,b=5.

(i) K(x,t) = xe'; a=-1,b = 1.

3. Find the resolvent kernel associated with the following kernels :
I. [x —t| in the interval (0, 1)

ii. cos (x+ t) in the interval (0, 2m)




3.9 SUGGESTED READINGS AND
REFERENCES

. M. Gelfand and S. V. Fomin. Calculus of Variations, Prentice Hall.

1

2. Linear Integral Equation: W.V. Lovitt (Dover).

3. Integral Equations, Porter and Stirling, Cambridge.

4. The Use of Integral Transform, I.n. Sneddon, Tata-McGrawHill,
1974

5. R. Churchil& J. Brown Fourier Series and Boundary Value
Problems, McGraw-Hill, 1978

6. D. Powers, Boundary Value Problems Academic Press, 1979.

3.10 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide explanation — 3.2
2. Provide definition with the help of equation — 3.4

3.Provide statement — 3.5.1

Notes
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UNIT-4 METHOD OF SUCCESSIVE
APPROXIMATIONS

STRUCTURE
4.0 Objectives
4.1 Introduction

4.2 Method of Successive Approximations for Fredholm Integral

Equation of the Second Kind

4.3 Conditions of Convergence

4.4 Uniqueness of Series Solution

4.5 Different type of Examples

4.6 Let us sum up

4.7 Keywords

4.8 Questions for Review

4.9 Suggested Reading and References

4.10 Answers to Check your Progress

4.0 OBJECTIVES

Understand the Method of Successive Approximations for Fredholm

Integral Equation of the Second Kind
Comprehend the Conditions of Convergence

Enumerate the Uniqueness of Series Solution

4.1 INTRODUCTION

By converting integral equation of the first kind to a linear equation of
the second kind and the ordinary differential equation to integral

equation we are going to solve the equation easily. The method of




successive approximations (Neumann’s series) is applied to solve

Notes

linear and nonlinear Volterra integral equation of the second kind.

Some examples are presented to illustrate methods.

4.2 METHOD OF SUCCESSIVE
APPROXIMATIONS FOR FREDHOLM
INTEGRAL EQUATION OF

THE SECOND KIND

4.2.1 lterative Scheme

Consider Fredholm integral equation of the second kind

b

y(x) = f(x) + ?tf K(x, Dy(t)dt (4.0)

a

As a zero-order approximation to the required solution y(x), let us take

Yo(x) = F() .

Further, if y,(X) and y,_ 1 (x) are the n™ order and (n — 1 )™-order
approximations respectively, then these are connected by

b
Yu(x) = FCO) + j K (%, ©)yn_1 (t)dt (

1.2)

We know that the iterated kernels (or iterated functions) K, (x, t), (h=1,

2,3,...) are defined by

Ki(x,t) = K(x,t) (43)

And

b
K,(x,t) = f K(x,z)K,_,(z,t)dz, n = 2,3, ...
a

(4.4
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Putting n = 1 in (4.2), the first-order approximation, y;(X) is given by

b s
yi(x) = f(x) + A f K (x, )yo(£)dt (4.5)
But from (4.1)
4.6
yo(t) = f(t) (#.6)

Substituting the above value of yo(t) in (4.2), we get

b -

i(x) = f(x) +2 f K(x, )f (£)dt “.7)

Putting n = 2 in (4.2), the second-order approximation y,(X) is given by

Y2(x) = f(x) + 4 j K(x, 0y, (t)dt

i

b
7@ =@ +2 [ K@ofod 49

Replacing x by z in (4. 7), we get

Substituting the above value of y;(z) in (3.28), we get

b

b
yo(x) = f(x) +,1f K(x,2) [f(z) + lf K(z, t)f(t)dt] dz
or

b b b
1,00 = f(x) + A J K(x,z)f(z)dz+,12f K(x,2)] J Kz O)f (©)dt] dz

or

b b b
¥o(%) = f(x) + A f K(x,2)f(z)dz + A2 f K(x,2) U K(Z,t)f(t)dt] dz (4.10)

a
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or

b b b
¥, (x) = f(x) + AJ K(x,z)f(z)dz +,12J’ f® U K(x,2)K(z,t)dz|dt

[On changing the order of integration in third term on R.H.S of (4.10)] or

b b
Y2 (x) = f(x) + 4 f K, (x, O f (O)dt + 22 f K,(x,)f(Ddt  (4.11)

[using (4.3) and (4.4)]

2 b
72 = )+ ) 2 [ Kn(u0f @t

m=1

Proceeding likewise, we easily obtain by Mathematical induction the nth

approximate solution y,(x) of (4.10) as

n b
Ya() = fC) + ) A" j Ky (x, O (Dt (4.12)

Proceeding to the limit as n — oo, we obtain the so called Neumann

series.

«© b
Y09 =lim 3, () = fC) + ) 2" | Kn(rOF O (13

n—co m=1
We now determine the resolvent kernel (or reciprocal kernal) R(x, t; 1) or
I'(x, t; A) in terms of the iterated kernels K, (x, t).For this purpose, by

changing the order of integration and summation in the so called

Neumann series (4.13), we obtain
b n
y() = f(x) +1 f [Z A2 Kop (x, t)] f(®d (4.19)

Comparing (4.14) with

Notes
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b
y() = F()+ 4 [ RGutDf Ot 415
Here

e (4.16)
Rt A) = Y A™ K, (x,1).

4.3 CONDITIONS OF CONVERGENCE

For the Condition of convergence of (4.13), consider the partial sum
(4.12) and apply the Schwarz inequality to the general term of this series.
This leads us to

b 2 b b
f Ko (x, O F (D] EU |f<m(x,t)|2dr.) f OH (4.17)

Let

1

b 2
D = norm of f(t) = U |f(t)|2dtl (4.18)

Further, let C2 denote the upper bound of the integral ff | K (x, t)|% dt

so that

b
f |Km (x, £)|7dt < C, (4.19)
]

Using (3.18) and (3.19), (3.20) reduces to

2

4.20
< C3D? (420

b
f&ﬁﬁﬂwﬂ

Now, applying the Schwarz inequality to relation




Notes
b
K, (x, ) =f K, —1(x, 2)K (x, t)dt, (4.21)

We get

b b

| K (x, D)% < (f |Km_1(JC,Z)|2dZ) X (J-

which when integrated with respect to t, gives

1K (z, t)lzdz),

b 422
f Ko (x, O)12dt <B?C2_,, (4.22
)
where
b b -
BZ = f f K(x, ©)]2 dx dt. (4.23)
i) a
The inequality (4.22) gives rise to the recurrence relation
CZ, < B*™-2(2, (4.24)
Using (4.21) and (4.24), we get
2 (4.25

< C{D?B?™m-2,

b
f Ko (x, O f (0]

showing that the general term of the partial sum (4.12) has a magnitude
less than the quantity DC1[A|"B™ ~*. Hence the infinite series (4.13)
converges faster than the geometric series with common ratio |A| B. It

follows that, if the condition

AB<1 or 121 < 1/[ [ [)IK G, 01 dx de| (4.26)

is satisfied, then the series (4.13) will be uniformly convergent.
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Check your Progress-1

1. Discuss lterative Scheme

2. Explain Conditions of Convergence

4.4 UNIQUENESS OF SERIES SOLUTION

Uniqueness of Solution for a given A: If possible, let (4.10) possess two

solutions y;(x) and y,(x). Then we have

b 27
y1(x) = f(x) + Af K(x, t)y, (t)dt (4.27)
and
b
y2(x) = f(x) + Af K(x,t)y,(t)dt (4.28)
Let
y1(x) — ¥, (x) = p(x). (4.29)

Subtracting (4.28) from (4.27), we have

b
Y1) = y2(x) = 2 j K(x Oly2(0) — ya(]dt

or

b -
P00 = AJ K(x,t) p(t)dt, using (4.29) (4.30)

which is homogeneous integral equation. Applying the Schwarz

inequality to (4.30), we have




Notes

b b
[p()I* < 121° (J IK(x,t)Izdt) X U I¢>(x)|2dx)

Integrating with respect to x, gives

] b b b
J|¢.(x)|2dx s|,1|2(f J IK(x,tJIdedt)x(f |¢.(x)|2dx)

or

b b
f 6O [2dx < |A2B? f 16(Pdx,  by(4.23)

or

1—|A|282Jh|¢r(x)|2dx <q, (4.31)
‘ givi
ng @ (x)=0, using (4.24) or y1(X) — y2(x) = 0 or y1(X) = y(x) showing
that (4.10) has a unique solution.

From the uniqueness of the solution of (3.20), we now proceed to show
that the resolvent kernel R (x, t; A) is also unique. If possible, let equation
(4.10) have, with A = Ao, two resolvent kernels Ry (x, t; 1) and R (X, t;
A). In view of the uniqueness of the solution (4.10), an arbitrary function
f(x) satisfies the identity

b b
FE+2 [ R 6A)f@dt= 0 +2 [ RG6DfOd @)

Setting F (x, t; Ag) = Ry (X, t; A0) - Ra2(x, t; o) (4.32) reduces to

’ 7
f F(x,t; 40) f(Ddt=0 (4.33)

for an arbitrary function f (t). Let us choose f (t) = F (x, t; A,) with fixed
X. Here F (x,t; Ay) denotes the complex conjugate of F (x, t; A). Then
(4.33) reduces to

JIRGe 6 20)1? (At =0 = F(x,t;20) = 0 = Ry (x,£;49) - Ry(x, £ 4

= Ry(x,t; Ap) = Ra(x,t; Ap)

61




Notes

62

showing that the resolvent kernel in unique. The above analysis can be

summed up in the following basic theorem.

4.4.1 Theorem To each L, -kernel K (x, t) there corresponds a unique
resolvent kernel R (x, t; 1) which is an analytic function of A, regular at

least inside the circle| A | < B — 1, and represented by the power series

Furthermore, if f(x) is also an L, - function, then the unique L; - solution
of the FredholmEquation

b

y() = £ +2 | K@ oy@ae

a

valid in the circle A < B "' is given by the formula

4.5 DIFFERENT TYPE OF EXAMPLES

Type 1. Determination of the resolvent kernel or reciprocal kernel R (z,
t; M) or I (z, t; &) If Kn (X, t) be iterated kernelsthen R (z,t: A)=T(z, t ;
M) =Zm=0 A}

Example 1.Determine the resolvent kernels for the Fredholm integral

equation having kernels:

(i) K(x,t) = e**;a=0,b=1.

() Kx,t)=A+x)(1-t);a=-1,b=1.
Sol. (i) Iterated kernels Kmn(X, t) are given by
(4.34)

K (x,t) = K (x,t)

And




K (x,6) = [, K(x,2)Kppey (z,8) dz (435

From (4.34)
Ki(x,t) = K (x,t) = e** (4.36)
1 1
K,(x,t) = f K (x,2)K,(z t)dz = j e**Ze**t dz using (4.36)

0 ]

Putting n = 2 in (4.36), we have

Putting n = 3 in (4.36), we have

1 2 2=
1 1 e =1

= ex+t [1 022 (7 = X+t [_ez:z] — pX+t (_) (4.37)
o 2 0 2

! 1 el —1
KGoaKyde= [ exviens (T) dz

0

Ki(x, t) = J-

0
2
el-1
_ ex+r( )
2

2
f: e+t (822_1) ,as before (4.38)

and so on. Observing (4.36), (4.37) and (4.36), we may write

e —1\™™"
K, (x,t) = ex“( 5 ) m=1,273, ... (4.39)

Now, the required resolvent kernel is given by

@ o 02 — 1\
(x,t; 1) = Z MK (x,t) = Z Am-1gx+t (T)
m=1 m=1

U S PTGt ) 4.40
e Z{ . } (4.40)

m=1

But

> (Ae? - 1)) e —1))  (ie?-1)
S e 2

m=1

Notes
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which is an infinite geometric series with common ratio {A(e” — 1)}/2

i A(e " 1 ~ 1 (4.41)
T1- {Ae2=1)}/2 2—-A(e2-1)

m=1

Provided

2
iiE——Elr{ 1 Dr

Using (4.40) and (4.41), (4.42) reduces to

EI‘-PE

R(x,t: 1) = (4.42) Provided

2-A(e2-1)

Part (ii) Iterated Kernels Ky, (X, t) are given by

Ka(x, t) = K (, t) (4.43)
And

Kn(t,8) = [1 K (£,2)Kp_y(2,0) dz (4.44)
From (4.43)

K(x,t)= K(x, ) =1 +x)(1—1t) (445

Putting n = 2 in (3.64), we have

1

K;(x,t) = f K (x,2)Ki(z,t) dz

-1

- fl(l +2)(1 = 2)(1 + 2)(1 — £) dz, by(4.45)

1

=(1+x)(1—s)f (1-2z)dz= A+2)(1—10) [z—%ff]

-1
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K,(x,t) = (2/3) X (1+x)(1—1t) (4.46)

Next, putting n = 3 in (4.44), we have

1

Ki(x, )= Jl K (x.2)K,(z,t) dz = j (1+x)(1- z).%(l +z)(1-t)dz

=1

= E(l +x)(1-1t) ,f_ll(l —z8)dz = G)z (1+4x)(1—1t), as before (4.47)

and so on. Observing (4.44), (4.45) and (4.44), we may write

K(z,t) = (;)m_l(ux)u -t (4.48)

Now, the required resolvent kernel is given by

R(x,t; 1) = i AM-1K (x,8) = i Am=1 @)m_l (1 + x)(1 = £), by(4.48)
=(1+x)(1-1t) i (%)m_l (4.49)

But Zoo ()" =14+ 24 () 4 (&) 4

which is an infinite geometric series with common ratio (2 /3)

o (&)’"‘1 R SR (4.50)
m=1} 3 1-(24/3) ~ 3-21"
Provided 124/3] <1 or 1Al < 3/2 (4.51)
Using (4.50) and (4.51), (4.52) reduces to

3(1+x)(1-1)
3-24

R(x,t; ) = . provided |4 <3/2 (4.52)
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Type 2: Solution of Fredholm integral equation with help of the
resolvent kernel. Working Rule: Let

-

y(0) = FC) + 2 [ K (x,0) y ()dt (4.53)

Be given Fredholm integral equation. Let Ky, (x, t) be m™ iterated kernel
and let R (x, t, A) be the resolvent kernel of (4.53). Then we have

R(x,tA) = 2, A" 1K, (x,t) (4.54)

Suppose the sum of infinite series (4.54) exists and so R (x, t; A)can be

obtained in the closed form. Then, the required solution of (4.53) is given

by

L
L]
o

y) =)+ 2 [TRG D) f() dt (4.

Type 3: Solution of Fredholm integral equation when the resolvent
kernel cannot be obtained in closed form i.e., the sum of infinite series
occurring in the formula of the resolvent kernel cannot be determined. In
such integral equation, we use the method of successive approximations

to find solutions upto third order.

Working Rule : Let the given Fredholm integral equation of the second
kind be

b
() = F(x) + 4 f K(x, )y()dt (4.56)

As zero-order approximation, we take

Yo(x) = f(x) (4.57)




Notes
If "™ order approximation be y, (x), then

b i
w0 =10+ [ Keomaone O

Remark. Sometimes the zero-order approximation is mentioned in the
problem. In that case,we modify equation (4.57) according to data of the

problem.
Check your Progress-2

3. Explain Uniqueness of Series Solution

4. State the theorem of Uniqueness of Series Solution

4.6 LET US SUM UP

In this chapter we have discussed Method of Successive Approximations
for Fredholm Integral Equation of the second kind. In which iterative
scheme is discussed. As we know that convergence and uniqueness is an
important phenomenon so conditions of convergence and uniqueness of

series solution is also discussed

4.7 KEYWORDS

1. Complex Conjugate - each of two complex numbers having their
real parts identical and their imaginary parts of equal magnitude but

opposite sign.
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2. Kernel of an integral equation: The function K(x, y) in the above
equations is called the kernel of the equation
3. Geometric Series: a geometric series is a series with a constant

ratio between successive terms.

4.8 QUESTIONS FOR REVIEW

1. Solve 1/
y(x) =x+ [Py () dt

2. Solve the following integral equations by the method of successive

approximations:
() o) =2+ [ xty(e) dt
(i) y(x)=x+ 4 fnlxty[t) dt

3. Using iterative method, solve

y(x) = f(x) + 4[] e¥t y(t)dt

4.9 SUGGESTED READINGS AND
REFERENCES

1. M. Gelfand and S. V. Fomin. Calculus of Variations, Prentice Hall.

2. Linear Integral Equation: W.V. Lovitt (Dover).

3. Integral Equations, Porter and Stirling, Cambridge.

4. The Use of Integral Transform, I.n. Sneddon, Tata-McGrawHlill,
1974

5. R. Churchil& J. Brown Fourier Series and Boundary Value
Problems, McGraw-Hill, 1978

6. D.Powers, Boundary Value Problems Academic Press, 1979.




4.10 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide explanation —4.2.1
2. Provide explanation — 4.3
3.Provide explanation — 4.4

4. Provide statement — 4.4.1

Notes
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UNIT-5 FREDHOLM THEOREMS

STRUCTURE

5.0 Objectives

5.1 Introduction

5.2 What is Fredholm equation?
5.3 Fredholm's First Theorem
5.4 Fredholm's Second Theorem
5.5 Fredholm's Third Theorem
5.6 Let us sum up

5.7 Keywords

5.8 Questions for Review

5.9 Suggested Reading and References

5.10 Answers to Check your Progress

5.0 OBJECTIVES

Understand the Fredholm equation

Comprehend Fredholm's First, Second and Third Theorem

5.1 INTRODUCTION

In mathematics, Fredholm theory is a theory of integral equations. In

the narrowest sense, Fredholm theory concerns itself with the solution of
the Fredholm integral equation. In a broader sense, the abstract structure
of Fredholm's theory is given in terms of the spectral theory of Fredholm
operators and Fredholm kernels on Hilbert space. The theory is named in

honour of Erik lvar Fredholm.




5.2 WHAT IS FREDHOLM EQUATION?

Fredholm gave the solution of equation
g(s) = f(s) + 4[] K(s,t)g(t)dt (5.1)

in general form for all values of the parameter A. His results are
contained in three theorems which bear his name.

The method used by Fredholm consists in viewing the integral equation
(5.1) as the limiting case of a system of linear algebraic equations. This
theory applies to two-or higher-dimensional integrals, although we shall
confine our discussion to only one dimensional integrals in the interval

(a, b) . Let us divide the interval (a, b)into equal parts

S;=t1=a,S,=tb=ath,..,sp=t,=a+(n—-1)h
n

[ K(s,t)g(t)dt = hZK(s,sj)g(sj}. (5.2
j=1

where h = b;—a . Thereby, we have the approximate formula

Equation (5.1) then takes the form

g(s) = f(5}+/1hz K(s5)9(s), (5.3)
=1

which must hold for all values of s in the interval (a, b)
In particular, this equation is satisfied at the n points of division s; , i
=1,2, ..., n.This leads to the system of equations

g(s) = f(s) + ﬂhZK[s,—, s))g(s;), i=1,..,n. (5.4)
j=1

Notes
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fs)=fi  9() =g, K(sus;) =Ky, (5.5)

equation (5.4) yields an approximation for the integral equation (4.1) in

terms of the system of linear equations

n
Jj=1

inunknown quantities g;,s, ..., g». The values of A=obtained by solving
this algebraic system are approximate solutions of the integral equation
(1) at the points s3,,, ..., s, We can plot these solutions g; as ordinates
and by interpolation draw a curve g(s)which we may expect to be an
approximation to the actual solution. With the help of this algebraic
system, we can also determine approximations for the eigen values of the
kernel.

The resolvent determinant of the algebraic system (5.6) is

1— AhKyy — AhKy» .. —AhKyy

—AhK. 1 — AhK,. ... —AhK. . -

Dn(ﬂ.) — 21 . 22 Zn f,:.'_". )
_-;'I.hKnl - ;'I.han . 1 - ;'I.h-Knn

The approximate eigenvalues are obtained by setting this determinant
equal to zero. We illustrate it by the following example
Example. Consider

T

g(s) — AJ sin(s + t)g(t)dt = 0.

By taking n = 3, we have / = ~and therefore

51=t1=ﬂ,52=t2= 53=E-3=_,

E:
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and the values of Kj; are readily calculated to give

0 0866 0.866
(K;;) = |0.866 0.866 o |
0866 0  —0.866

The homogeneous system corresponding to (4.6) will have a nontrivial

solution if the determinant

1 —0.9074  —0.907A
D,(A) = |-0.9072 (1—0.9074) 0 =0,
~0.9074 0 1+ 0.9074

or when 1 —3(0.0907)*A2 = 0 The roots of this equation are A = +0.6365.
This gives a rather close agreement with the exact values, which are

+ g = 10.6366. In general, the practical applications of this method are

limited because one has to take a rather large n to get a reasonable

approximation.

5.3 FREDHOLM'S FIRST THEOREM

The solutions g;,02, ..., gn Of the system of equations (5.6) are obtained
as ratios of certain determinants, with the determinant D, (1) given by
(5.7) as the denominator provided it does not vanish. Let us expand the
determinant (5.7) in powers of the quantity (—A/%). The constant term is
obviously equal to unity. The term containing (—A/) in the first power is
the sum of all the determinants containing only one column —ArK,, pu =
1,2, ..., n. Taking the contribution from all the columnsv=1, ... .,n,
we find that the total contribution is Az Y0 _; K-

The factor containing the factor (—A%) to the second power is the sum of
all the determinants containing two columns with that factor. This results
in the determinants of the form

Kpp ‘I{pql

(—Ah)*
Kgp Kgq
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where (p, q) is an arbitrary pair of integers taken from the sequence 1, ...

, N, with p < g. In the same way, it follows that the term containing the
factor (—\h)* is the sum of the determinants of the form

Kpp Kpg Kpr
(—Ah)® [Kgp Kgq Kgr
Kip Krq Kyt

Where (p, g, r )is an arbitrary triplet of integers selected from the
sequence 1, ...,,withp<qg<r.
The remaining terms are obtained in a similar manner. Therefore, we

conclude that the required expansion of D,())is

n mn
—Ah)? K,, K
£t =T T

no |Kpp Kpg Kpr

(=Ah)?
+—; Z Kep Kqq Kor|+ -

p.qr=1 Krp qu K

W |Kpwer Kpipa o Kpypy
n -
(—4h) E . Kp,p.Kp,p, o Kpypy (5.8)

n! : '

+
P1.P2,Pn=1

Kp.p, Kpup e Kpop,

where we now stipulate that the sums are taken over all permutations of
pairs (p, ), triplets (p,q,r), etc. This convention explains the reason for
dividing each term of the above series by the corresponding number of
permutations.

The analysis is simplified by introducing the following symbol for the

determinant formed by the values of the kernel at all points (si, tj)the so-

K(sy,t1) K(s1,tz) - K(s1,tn)

K(sz.t;)  K(sz,tz) - K(szty) :K(SlrSZr“':Sn)
: tl,tz,"',tn !

M

(5.9)

K(s,.t;)  K(spty) - K(s,,t,)
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called Fredholm determinant. We observe that, if any pair of arguments
in the upper or lower sequence is transposed, the value of the determinant
changes sign because the transposition of two arguments in the upper
sequence corresponds to the transposition of two rows of the determinant
and the transposition of two arguments in the lower sequence

corresponds to the transposition of two columns.

In this notation, the series (5.8) takes the form

_ (- W S (5P (5.10)
Do) 1—AhZK(sp ) + ZIK (sos0)
p.g=
n
T3 Z K(sp-sq’sr)Jr
pg.r=1

If we now let n tend to infinity, then 4 will tend to zero, and each term of
the sum (5.10) tends to some single, double, triple integral, etc. There

results Fredholm’s first series:

2

A $,S
D) =1- f.’((s s)ds + — 51 J-K (S:Sz)dsldsz

ﬂ] %2 d51 ds,ds; + (5.11)

Hilbert gave a rigorous proof of the fact that the sequence Dn(A) — D (X)
in the limit, while the convergence of the series (5.11) for all values of
was proved by Fredholm on the basis that the kernel K(s,t) is a
boundedand integrable function. Thus, D (A) is an entire function of the
complex variable A.

We are now ready to solve the Fredholm equation (5.1) and express the
solutions in the form of a quotient of two power series in the parameter A,
where the Fredholm function D () is to be the divisor. We seek solutions

of the form

g(s) = f(s) + Afr(s, e D) f (D, (5.12)

Notes
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and expect the resolvent kernel I'(s, t; A) to be the quotient

['(s,t;2) = D(s,t; 1)/D(A), (5.13)

where D(s, t ; A)still to be determined, is the sum of certain functional
series. Now, the resolvent I'(s, t; A) itself satisfies a Fredholm integral
equation of the second kind :

['(s,t;A) = K(s,t) + Afﬁ’(s,x) ['(x, t; A)dx. (5.14)

D(s,t;A) =K(s,t)D(A) + 4 f K(s,x)D(x,t; )dx. (5.15)
From (5.13) and (5.14), it follows that

The form of the series (5.11) for D(X)suggests that we seek the solution

of equation (5.15) in the form of a power series in the parameter A

(—4

P ]
p!) Cy (s, t). (5.16)

D(s, t; 1) = Cy(s,t) +

For this purpose, write the numerical series (5.11) as

[ea)
(—=1)?

D(A)=1+ Z o Cp- (5.17)

p=1
where
_ 51,52, Sp (5.18)
Cp = J] JK (51‘ 52:___‘%) ds; ...dsp.
p:_t?r;es

The next step is to substitute the series for D(s, t ; A)and a(<)from (5.16)
and (5.17) in (5.15) and compare the coefficients of equal powers of A.

The following relations result:
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Cols, t) = K(s,0), (5.19)

Cp(s,t) = c,K(s,t) —p rK(S.x)CD_l(x, t)dx. (5.20)

‘ sxl,xz,---,xp <5
| Cp(s,t) = ﬂ- f £ Xy, Xy, -,xp)dxl . dXp. (5.21)

In fact, for p = 1, the relation (5.20) becomes
Ci(s,t) = 1K (s, t) — J K(s,x)Co(x, )dx

= K(s, t)J K(x,x)dx — f K(s, x)K(x, t)dx

s x (5.22
- f K (t x) dx,
where we have used (5.18) and (5.19). To prove that (5.21) holds for

general “we expand the determinant under the integral sign in the

relation:

K(s,t) K(s,x1) = K(s,x,)

(S-ILXZJ"'J";:) _ [ KGLt) K(xxy) - K(xy,x,)
t,xl,xz,'",xp - '
K(xp, t) K(xp,xl) o K(xp,xp)

with respect to the elements of the given row, transposing in turn the first
column one place to the right, integrating both sides, and using the

definition of c, in (5.18); the required result then follows by induction.

D(s, t; 4)

(—A)P 5 Xy, Xp,
=K(s,t) + Z f f £, X0, Xz, )dxldxz .dx,.

From (5.16), (5 .19), and (5.21) we derive Fredholm’s second series:

(5.23)
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This series also converges for all values of the parameter .1t is interesting
to observe the similarity between the series (5.11) and (5.23). Having
found both terms of the quotient (5.13), we have established the
existence of a solution to the integral equation (5.1) for a bounded and
integrable kernel K (s, t) provided, of course, that D(A) = 0. Since both
terms of this quotient are entire functions of the parameter it follows that
the resolvent kernel I'(s, t; A) is @ meromorphic function of , i.e., an
analytic function whose singularities may only be the poles, which in the
present case are zeros of the divisor D(A) .Next, we prove that the

solution in the form obtained by Fredholm is unique and is given by

965) = £) + A [ Tt Df O (5.24)

In this connection, we first observe that the integral equation (4.14)
satisfied by I'(s, t; A) is valid for all values of for which D(}) # 0.Indeed,
(5.14) is known to hold for [A| < B™* , and since both sides of this
equation are now proved to be meromorphic, the above contention
follows. To prove the uniqueness of the solution, let us suppose that g(s)
is a solution of the equation (5.1) in the case D(A) # 0. Multiply both

J’ I'(s,x; D) g(x)dx = J C(s,x; ) f(x)dx + Af U ['(s,x; K (x, .t)dx] g(t)dt

sides of (5.1) by I'(s, t; A) integrate, and get
Substituting from (5.14) into left side of (5.25), this becomes which,
when joined by (5.1), yields

(-‘-. 7

g(s) = f(s)+ AJ-F(S, t; A)f(t)dt.
but this form is unique. In particular, the solution of the homogeneous

equation

ff{(s, t)g(t)dt = f [(s,x; ) f(x)dx, (5.26)
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g(s) =4 f K(s, t)g(t)dt. (5.28)

is identically zero. The above analysis leads to the following theorem.

Fredholm’s First Theorem. The inhomogeneous Fredholm equation

g(s) = f(s) +HJK(5,t}g(t)dt, (5.29)

where the functions f(s) and g(t) are integrable, has a unique solution

g(s) = f(s) + AJ-F(S, t; 1) f(t)dt, (5.30)
where the resolvent kernel I'(s, t; 1)
I'(s,t; A) = D(s,t; 1) /D(A), (5.31)

with D (A) # 0, 1s a meromorphic function of the complex variable A

being the ratio of two entire functions defined by the series

D(s, t; A)

o (—A)P 5,X1, X2, Xp L
=K(s,t)+z ! f"'f“(t.xl.xz.---.x )dxldxz dx,  (5.32)
p=1

p p

and

o (_A)P X1, Xz, , Xp 513
000 =1+ Y CF [ [ G ot a9

both of which converge for all values of L. In particular, the solution of

the homogeneous equation
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g(s) = ﬂfﬁ’(s,tjg(tjdt

Is identically zero.
EXAMPLES

Example 1.Evaluate the resolvent for the integral equation

g(s) = f(s) + .FIJ (s + t)g(t)dt.

The solution to this example is obtained by writing

ZreSE 6. 0)]

(=47
E;;j:DT Cp

(s, t;4) =

Where C,, and c, are defined by the relations (5.18) and (5.20)

cp = fC _1(s,5)ds,

Cp = cpK(s,t) —p flf{(s, x)cp-1(x, t)dx (5.35)

1
c =f 2sds =1,
o

Thus
c; = flzsds =1,
1
Cl(s,t):(s+t)—f (s+x)(x+c)dx:%(s+c)—sc—%,
o
_ 1 2 1 _ 1
r:z—fo (s—s —E)ds——g.
1 1 1 1
Cz(s.t)=—g(s+t)—2f (s+x)[i(x+t)—xt—§]dx=0
(1]
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Since C; (x, t) vanishes, it follows from (5.35) that the subsequent

coefficients Cy land ¢, also vanish. Therefore,

G+ -2+ -st-3|a

1-1-=

12

['(s, t;: 1) =

5.4 FREDHOLM'S SECOND THEOREM

Feedhole’s first theorem does not hold when is a root of the equation &()

= 0. We know that, for a separable kernel, the homogeneous equation

9(5) =1 [ K(s.0g(0)dt (5.36)

has nontrivial solutions. It might be expected that same holds when the
kernel is an arbitrary integrable function and we shall then have a
spectrum of eigen values and corresponding eigen functions. The second

theorem of Fredholm is devoted to the study of this problem.

We first prove that every zero of D())is a pole of the resolvent kernel
(5.31); the order of this pole is at most equal to the order of the zero of
a(). In fact, differentiate the Fredholm's first series (5.33) and interchange
the indices of the variables of integration to get

D'(2) = — J D(s, s: A)ds. (5.37)

From this relation, it follows that, if qis a zero of order ,of D(A), then it is
a zero of order , — 1 of D'(A) and consequently Ao may be zero of order at
most ,k — 1 of the entire function D(s, t; A)Thus, A is the pole of the
quotient (5.31) of order at most ,. In particular, if X, is a simple zero of
D(%), then D(X) =0, D'(Ap) # 0, and X, is a simple pole of the resolvent
kernel. Moreover, it follows from (5.37) that D(s, t; A) # 0. For this
particular case, we observe from equation (5.8) that, if D (A\) =0 and D
(s, t; M)# 0, then D(s, t; 1), as a function of 0, is a solution of the
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homogeneous equation (5.36). So is aD(s, t; A)where a is an arbitrary
constant. Let us now consider the general case when is a zero of an

arbitrary multiplicity +, that is, when

D(A) = 0, ..., D"(A,) = 0,D™(Ag) # O, (5.39)

where the superscript cstands for the differential of orderc,c=1,...,+
— 1. For this case, the analysis is simplified if one defines a determinant

known as the Fredholm minor:

e}
51, 52, sen gy Sn 51; SZ- ey S‘n (_A)P
Dy (51. ts, T ™ A) _H(tv ta, s tn)+z p!
p=1
Sll'"lsﬂ‘xlf ---;xp (539)
X f ...JK(tlp---ptn;xl,---,xp) dxl---dxpl

where{si} and {tj}, i=1,2, ... ,n, are two sequences of arbitrary
variables. Just as do the Fredholm series (5.32) and (5.33), the series
(5.39) also converges for all values of and consequently is an entire
function of A. Furthermore, by differentiating the series (5.33) times and

comparing it with the series (5.39), there follows the relation

LOD _ ey [ [ 2y (21075

From this relation, we conclude that, if Ao is a zero of multiplicity m of

2) dsyds, -+ ds, (4.40)

the function D(}), then the following holds for the Fredholm minor of

order m for that value of Aq:

51-52.- R
e t'_l_.: tz,"',

D f:|,10) + 0.

Of course, there might exist minors of order lower than m which also do

not identically vanish. Let us find the relation among the minors that
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corresponds to the resolvent formula (5.14). Expansion of the

determinant under the integral sign in (5.39),

K(sy,ty) K(sq,t5) - K(sy,t,) K(sy,%;) - K(SL xp)
K(sy,t1) K(s5,t5) - K(53,t,) K(53,x1) ==+ K(sz, xp)

K(sp, t1) K(sp, t5) -+ K(sn: tn) K (S x1) = K(5p. %) (5.41)

K(xqy, ty) K(xq,85) - K(xq, t,) K(xy,2x7) - K(xh xp)

K (1) K (i £2) = K (s ta) K (e 21) - K ()

by elements of the first row and integrating “times with respect to x1, Xa,

..., Xp forp>1, we have

1
10 s Spa Xp,s oo s Xy
[ [ R ) dnedny = ) (<D K tn)
h=1

P

Spyees Shtts Sy X1, e s Xp
x| .| K dx, ..dx =Z —1)ktn-1
J I (tl,...,.th_l,th“,'-‘,tﬂ,xl,...,xp) 1 P : ( )
=1

S, s Spp X1, Xz, ooy Xty X
X | | K(sq,x K( ) dxy ...dx
f j (52, %3) [STREPY SIS PR STRRTE INETE IFETE 1 1 4

X dxy, -, dp. (5.42)

Note that the symbols for the determinant on the right side of (4.42) do
not contain the variables s; in the upper sequence and the variables t, or
Xh in the lower sequence. Furthermore, it follows by transposing the
variable s, in the upper sequence to the first place by means of 4 +n— 2
transpositions that all the components of the second sum on the right side

are equal. Therefore, we can write (5.42) as
n
Sl, ...,Sn,xl, ...,xp h+1
[ R(e o rr) iy = Y DMK t0)
h=1
2, wees Sps X1, o0 Xp
X f fl( (tx. ey OBy s s ...,x,,) dx, ...dx,

- AR . N
_P[ K(sy,x) [f"'fK(tl,tz,...,t,,,x,,....xp_l)

X dxy -+ dxp-q)dx. (5.43)
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where we have omitted the subscript 4 from X. Substituting (5.43) in

(5.42), we find that Fredholm minor satisfies the integral equation

1) = 0K st (327 )
h=1

51| ."J'SH
D
n rl:'"atﬂ ,...,fh_l,th+1.tn

X, 85, , 8y
4 | K100 (¢ 0

,1) dx. (3.44)

Expansion by the elements of any other row leads to a similar identity,
with x placed at the corresponding place. If we expand the determinant
(5.41) with respect to the first column and proceed as above, we get the

integral equation

Sy, 8y
Dn (tl.m.tn

2y e yEn

n
S1s -1 Sh—1,Spe1s " S
2) = D DMK (s Dy (g1 T )
h=1

54, .8 R
+.FIJK(x.t1)Dn (x‘ o t“) dx, (5.45)

rin

and a similar result would follow if we were to expand by any other
column. The formulas (5.44) and (5.45) will play the role of the
Fredholm series of the previous section.

Note that the relations (5.44) and (5.45) hold for all values of . With the
help of (5.44), we can find the solution of the homogeneous equation
(5.36) for the special case when A =2y is an eigenvalue. To this end, let
us suppose that A = Ao is a zero of multiplicity m of the function D(}).
Then, as remarked earlier, the minor D, does not identically vanish and
even the minors Dy, Dy, ...D 1 may not identically vanish. Let D,be
the first minor in the sequence Dy, Do, ...D 1 that does not vanish
identically. The number r lies between 1 and m and is the index of the
eigenvalue Xo. Moreover, this means that D , _; = 0. But then the integral
equation (5.44) implies that

5,85, , 8y
91(s) = D, ( Ey, e, by

1o) (5.46)




is a solution of the homogeneous equation (5.36). Substituting s at
different points of the upper sequence in the minor D,, we obtain r
nontrivial solutions gi(s) = (0), =1, ---, r, of the homogeneous equation.

These solutions are usually written as

51, 8i—1,5,8i41,""", S¢
®y(s) = a O %) i= 12, (547
i - 511_...‘51._1'5&51.4_1'...'Sr L= piy pl.
D A
r tll.-- ,t‘r U)

Observe that we have already established that the denominator is not
zero. The solutions ®;jas given by (5.47) are linearly independent for the
following reason. In the determinant (5.41) above, if we put two of the
arguments 0=equal, this amounts to putting two rows equal, and
consequently the determinant vanishes. Thus, in (5.47), we see that @y
(si) = 0 for i #k,, whereas @ (sk)= 1. Now, if there exists a relation

Yk Ck @k = 0 we may put s = si=and it follows that Ci= 0; and this proves
the linear independence of these solutions. This system of solutions ®i is
called the fundamental system of the eigen functions of qand any linear
combination of these functions gives a solution of (5.36). Conversely, we
can show that any solution of equation (5.36) must be a linear
combination of ®@4(S), ®,(s), --- , Dv(s). We need to define a kernel H(s, t;
AMwhich corresponds to the resolvent kernel I'(s, t; A )of the previous

section

S:Sl: Uy ST'
D; s (5_ £y, L, "10) (5.48)

51,5 Sy
D (.| 20)

In (4.45), take n to be equal to r, and add extra arguments s and t to

H(s, t; 1) =

obtain

S, 81, S 51,°*", 8y
Dyyq (]:'rl}...rtrl"’lo) = K(s,t)D, (51-"':tr|lu)

.
5,851 s Sh—1sShy1 0 S
+ ) D KD (g o

h=1

)

8, 81,4, 5
+ADJ-K(th) Dy yq (t, 51‘...'5:

Ao) dx. (5.49)

Notes
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In every minor Dy in the above equation, we transpose the variable Ofrom

the first place to the place between the variables sy.;and sp+1and divide
both sides by the constant

S1s """ Sy
Dr t'_I_J'---J tr‘| ‘;I-ﬂ) ;t [j:
To obtain
-
- —Z.‘{[sh, £)D,, (s). (5.50)
h=1

If g(s) is any solution to (5.36), we multiply (5.50) by g(t) and integrate

with respect to t,

f g(z)H(s,z;A)dz—gf) _ J gOOT(s, x; N)dx
=1 °

where we have used (5.36) in all terms but the first; we have also taken
Ao [ K(sp, ) g()dt = g(sp).

Cancelling the equal terms, we have

9(5) = ) glsn)®n(s) 9
h=1

This proves our assertion. Thus we have established the following result.
Fredholm's Second Theorem.

If A is a zero of multiplicity m of the function D(X) then the

homogeneous equation
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g(s) = Anfﬁ(s. £)g(t)dt (5.53)

possesses at least one, and at most m, linearly independent solutions

S1,°* 5 Si=1, 5, Si+1,71" S

9i(s) =D, (" e

B)i=1wrlsrsm (5.59)

not identically zero. Any other solution of this equation is a linear

combination of these solutions.

5.5 FREDHOLM'S THIRD THEOREM

Fredholm’s Third Theorem. For an inhomogeneous equation

—
h
L
h

S

9(s) = £(5) + Ao f K(s, )g(t)de

to possess a solution in the case D(Ag) = 0, it is necessary and sufficient
that the given function f(s) be orthogonal to all the eigenfunctions Wi(s),
i=1,2, v, of the transposed homogeneous equation corresponding to

the eigenvalue Xo. The general solution has the form

)
)

5,51, es SI‘
(f, tl: Tt tr

S1, ', Sy
(tlr'":t'r

(D1 r
g(s) = f(s) + 4o x f()dt + Y Chdp(s).
f D hzzl h*+h

e

Check your Progress-1

1. Discuss Fredholm’s First Theorem

2. Explain Fredholm’s Second Theorem
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3. State Fredholm’s Third Theorem

5.6 LET US SUM UP

We have studied three different theorems viz., Fredholm’s First

Theorem Fredholm’s SecondTheorem Fredholm’s Third Theorem.

5.7 KEYWORDS

4. meromorphic function - A meromorphic function is a single-
valued function that is analytic in all but possibly a discrete subset
of its domain, and at those singularities it
must go to infinity like a polynomial (i.e., these exceptional points
must be poles and not essential singularities).

5. complex variable - a variable that can take on the value
of a complex number.

6. Parameter - a numerical or other measurable factor forming one of a

set that defines a system or sets the conditions of its operation.

5.8 QUESTIONS FOR REVIEW

1. Solve the integral equation using Fredholm's First Theorem

gs)=1+4 .rr[sin(s + t)]g(t)dt,

2. Solve the integral equation using Fredholm's First Theorem
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gls)=s+1 J-I [st + [st)%] g(t)dt.

5.9 SUGGESTED READINGS AND
REFERENCES

. M. Gelfand and S. V. Fomin. Calculus of Variations, Prentice Hall.

1

2. Linear Integral Equation: W.V. Lovitt (Dover).

3. Integral Equations, Porter and Stirling, Cambridge.

4. The Use of Integral Transform, I.n. Sneddon, Tata-McGrawHill,
1974

5. R. Churchil& J. Brown Fourier Series and Boundary Value
Problems, McGraw-Hill, 1978

6. D. Powers, Boundary Value Problems Academic Press, 1979.

5.10 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide explanation —5.3
2. Provide explanation — 5.4

3. Provide statement — 5.5

Notes

89




90

UNIT-6 GREEN FUNCTION |

STRUCTURE

6.0 Objectives

6.1 Introduction

6.2 Concept of Green Functions

6.3 The method of variation of parameters

6.4 Initial and Boundary Value Green’s Functions
6.4.1 Initial Value Green’s Function
6.4.2 Boundary Value Green’s Function

6.5 Let us sum up

6.6 Keywords

6.7 Questions for Review

6.8 Suggested Reading and References

6.9 Answers to Check your Progress

6.0 OBJECTIVES

Understand the Green Function concept
Comprehend the method of variation of parameters

Comprehend Initial and Boundary Value Green’s Functions

6.1 INTRODUCTION

Green's functions are named after the British mathematician George
Green, who first developed the concept in the 1830s. In the modern study
of linear partial differential equations, Green's functions are studied
largely from the point of view of fundamental solutions instead.
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In mathematics, a Green's function is response to the elementary

impulse of an inhomogeneous linear differential operator, which is

defined on a domain with specified initial or boundary conditions.

This means that if L is the linear differential operator, then

o the Green's function G is the solution of the equation LG =3,
where & is Dirac's delta function;

« the solution of the initial-value problem Ly = f is

the convolution (G * f), where G is the Green's function.

6.2 CONCEPT OF GREEN FUNCTION

Our goal is to solve the nonhomogeneous differential equation
L[u] =f,
where L is a differential operator. The solution is formally given by
u=L"[f].
The inverse of a differential operator is an integral operator, which we

seek to write in the form

w = ff:{.r:.a';uf{a}da.

The function G(x, &) is referred to as the kernel of the integral operator

and is called the Green’s function.

6.3 THE METHOD OF VARIATION OF
PARAMETERS

We are interested in solving non-homogeneous second order linear

differential equations of the form

a2(x)y"(x) + a1(x)y'(x) + ao(x)y(x) = f(x). (6.1)
The general solution of this non-homogeneous second order linear
differential equation is found as a sum of the general solution of the

homogeneous equation,
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a(x)y"(x) + a1(x)y'(x) + ap(x)y(x) = 0, (6.2)

and a particular solution of the nonhomogeneous equation.

However, a more methodical method, which is first seen in a first course
in differential equations, is the Method of Variation of Parameters. We
will review this method in this section and extend it to the solution of

boundary value problems.

While it is sufficient to derive the method for the general differential
equation above, we will instead consider solving equations that are in
SturmLiouville, or self-adjoint, form. Therefore, we will apply the

Method of Variation of Parameters to the equation

d (;}{I} ff;!f'[:r}) + g(x)y(x) = f(x). (6.3)

E dr

Note that f(x) in this equation is not the same function as in the general
equation posed at the beginning of this section.

We begin by assuming that we have determined two linearly independent
solutions of the homogeneous equation. The general solution is then

given by

y(r) = ey (x) + eaya(z). (6.4)

In order
to determine a particular solution of the nonhomogeneous equation, we
vary the parameters c1 and c2 in the solution of the homogeneous
problem by making them functions of the independent variable. Thus, we

seek a particular solution of the nonhomogeneous equation in the form
yp(z) = er(z)yr (x) + c2(x)yz(x). (6.5)

In order for this to be a solution, we need to show that it satisfies the

differential equation. We first compute the derivatives of yp(x). The first
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derivative is

yp(X) = c1(X) y1 (X) +€2(X) yz (X) + c1 (X)ya(X) + ¢z (X)y2(X).

Without loss of generality, we will set the sum of the last two terms to

zero. Then, we have
c1 (X)y(X) + ¢z (X)y2(x) = 0. (6.6)

Now, we take the second derivative of the remaining terms to obtain
yp () =ciX)ys (X) +c2(x)yz (X) +c1 (X)y1 (X) + ¢z (X) vz (X).
Expanding the derivative term in Equation (6.3),

P(X) yp (X) +p'(x) yp (X) + a(X)yp(x) = f(x),
and inserting the expressions for yp, yy (x), and y; (x), we have

flz) = m:.r} [;:{r};,r;’( )+ P (@) (@) + a(@)y ()]
r) [p(z)yz (z) + p/(2)ya(z) + g(2)ya(z)]
+3’J'( ][1( ]Jl{-’»}“‘CQ{I}Jz(- ]] (6.7)

Since y1(x) and y2(x) are both solutions of the homogeneous equation.
The first two bracketed expressions vanish. Dividing by p(x), we have
that

¢y (@) (@) + (@) (x) = % 6.8)

Our goal is to determine c1(x) and c2(x). In this analysis, we have found
that the derivatives of these functions satisfy a linear system of equations
(in the ci’s)

Linear System for Variation of Parameters

@)y () + &(x)y2(z) = 0.
ch(@)y)(z) + & (x)ys(z) = % (6.9)
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This system is easily solved to give

4 e) = [@)a()
1 T @) - @)
) f@ () 6.10)

~ (@) (@) — vi(@)y2()])

We note that the denominator in these expressions involves the
Wronskian of the solutions to the homogeneous problem. Recall that

Wiy, y2)(z) =

Furthermore, we can show that the denominator, p(x)W(x), is constant.
Differentiating this expression and using the homogeneous form of the

differential equation proves this assertion

i d I} '
L (oW (@) = = [ple) (1 (D)@ — 14 ()]
= ) (p(x)() + Pl ) ()

d
—y2(2)—(p(2)y1(2))) — p(2)y1 (@) ()
= —y1(x)g(x)y2(x) + y2(x)q(x)y () = 0. (6.11)

__ [ 1€)y(8)
o) = [ e
oo [T L&un(E) 5
(‘2{.]} . mff{f {61-)

where x0 and x1 are arbitrary constants to be determined later.

4(z) = ya(2) f JEAILIC

f( ( £ f(E)ya2(8) (6.13)
pE)W ()

L oW ©

Therefore, the particular solution of (6.3) can be written as
As a further note, we usually do not rewrite our initial value problems in

self-adjoint form. Recall that for an equation of the form

az(x)y" (z) + a1(x)y (z) + ap(x)y(z) = g(x). (6.14)

we obtained the self-adjoint form by multiplying the equation by
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This gives the standard form

(PCOY0) + qGIY() = ),
flx) = —p(x)g(:
(@) = —yP(@)a().

With this in mind, Equation (6.13) becomes

9 37 9(8)y2(8) 5
r"” F,‘Q ]/ &}” (ff E’E - gl(])[_O H(rf}“r'l:é} d& (61‘)

Example. Consider the nonhomogeneous differential equation

y" —y' — 6y =20e—2x.
We seek a particular solution to this equation. First, we note two linearly

independent solutions of this equation are

yi(x) = €%, yo(x) = e >

So, the particular solution takes the form

Yp(X) = ca(x)e™ + ca(x)e

We just need to determine the c;’s. Since this problem is not in self-

adjoint form, we will use

fx) _ g(x)
plax) az(x)

— 22T

as seen above. Then the linear system we have to solve is

e (x)e3® + ch(x)e™2* = 0.
3¢ (x)e™™ — 2ch(x)e™™ = 20e™7". (6.16)
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Multiplying the first equation by 2 and adding the equations yields

e (w)ed™ — 20e—3

() = de™ 5%,
Inserting this back into the first equation in the system, we have

4e™** 4 of(x)e™**F =0,

chilx) = —4a.

These equations are easily integrated to give

cr(r) = —
Therefore, the particular solution has been found as

yp(x) = e1(x)e® + ex(z)e™"

-2

=3
——

3r

e’ — dre

= ——e % _4pe~ %" (6.17)
Noting that the first term can be absorbed into the solution of the

homogeneous problem. So, the particular solution can simply be written
as

Yp(x) = —4xe 2,
This is the answer you would have found had you used the Modified
Method of Undetermined Coefficients.
Check your Progress-1

1. Define Green Function




2. Give generalized equation for Linear System for Variation of

Parameters

6.4 INITIAL AND BOUNDARY VALUE
GREEN’S FUNCTIONS

We begin with the particular solution (6.13) of our nonhomogeneous
differential equation (6.3). This can be combined with the general
solution of the homogeneous problem to give the general solution of the

nonhomogeneous differential equation:

) = ) = ol el }f Tomg v [ T

(6.18)

As seen in the last section, an appropriate choice of Xy and x; could be
found so that we need not explicitly write out the solution to the
homogeneous problem, c1y1(X)+ coy2(X). However, setting up the
solution in this form will allow us to use X, and X; to determine particular
solutions which satisfies certain homogeneous conditions. We will now
consider initial value and boundary value problems. Each type of

problem will lead to a solution of the form

b
y(z) = ey (z) + caya(z) + f(I( L&) [(€)dE, (6.19)

where the function G(x, &) will be identified as the Green’s function and
the integration limits will be found on the integral. Having identified the
Green’s function, we will look at other methods in the last section for

determining the Green’s function.

6.4.1 Initial Value Green’s Function

We begin by considering the solution of the initial value problem

Notes
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dx
y(0) =40, ¥'(0) = . (6.20)

% (p{rJ dy(x}) +q(x)y(z) = ().

Of course, we could have studied the original form of our differential
equation without writing it in self-adjoint form. However, this form is
useful when studying boundary value problems. We will return to this
point later.

We first note that we can solve this initial value problem by solving two
separate initial value problems. We assume that the solution of the
homogeneous problem satisfies the original initial conditions:

% (:"’(‘“}dif}) + g(x)yn(x) = 0.

yn(0) = yo, y,(0) = vo. (6.21)
We then assume that the particular solution satisfies the problem
i sl x
(p(:i‘}—‘h( }) + q(x)y,(r) = f(x).

dr dr

yp(0) =0, y5(0) =0. (6.22

Since the differential equation is linear, then we know that y(x) = yh(x)+
yp(X) is a solution of the nonhomogeneous equation. However, this

solution satisfies the initial conditions:

y(0) = yn(0) + yp(0) = yo + 0 = o,
y'(0) = y4(0) + yp(0) = vo + 0 = vo.

Therefore, we need only focus on solving for the particular solution that
satisfies homogeneous initial conditions. Recall Equation (6.13) from the

last section,

@) = (o) [ % 4 — ()

* F(€)al©) .
L pewe 63
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We now seek values for X and x; which satisfies the homogeneous

initial conditions, y, (0) = 0 and y,(0) = 0.

First, we consider y, (0) = 0. We have

yp(0) = y2(0) f JE(E) (‘f d{—r (0) / J©)y=(&) ”2 (6.24)

Here, y1(X) and y,(x) are taken to be any solutions of the homogeneous
differential equation. Let’s assume that y1(0) = 0 and y, # (0) = 0. Then

we have

0 .
Yp(0) = y2(0) / | %df- (6.25

We can force y, (0) = 0 if we set x; = 0.
Now, we consider yy,(0) = 0. First we differentiate the solution and find

that

“ 1)

'UL{;!‘} = 'Ifzf.l) ; W d¢ — 91 (z) £ f(&)a(8) (6.26)

BTGIIGE

since the contributions from differentiating the integrals will cancel.

Evaluating this result at x = 0, we have

r . f{ }*J’"{‘f} (6'27)
Assuming that y; (0) # 0, we can set x0 = 0.

Thus, we have found that

. SO (§) F(&)y=2(8)
Yp(r) = y2(x)  PEOW(E) df — y1(x) ; mdf-
_ 7 [ n©ye(x) — *ﬂ(ﬂﬂ(&}} (6.28)
/ { POWE) Je)a.

This result is in the correct form and we can identify the temporal,or

initial value, Green’s function. So, the particular solution is given as
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yp(z) = fn " Gl ) () de. (6.29)

where the initial value Green’s function is defined as

i e Y1(8)ya(x) — i (x)y2(E)
Gl ) === eywe)

We summarize

Solution of Initial Value Problem (6.20)

The solution of the initial value problem (8.21) takes the form

y(@) = yn(a) + f "G, ) () de (6.30)

where (©)ya(e) = 1 (@)ya(€)
_ _ S )yelr) — niix)ys
Gt =T owe)

and the solution of the homogeneous problem satisfies the initial conditions,

yn(0) = yo,  ¥;,(0) = vo.

Example: Solve the forced oscillator problem
x"+x =2 cost, x (0) =4, x'(0) =0.
Solution: We first solve the homogeneous problem with

nonhomogeneous initial conditions:
Xﬂ+ Xn =0, Xh(O) =4, Xfl(O) =0.

The solution is easily seen to be xu(t) =4 cos t.

Next, we construct the Green’s function. We need two linearly
independent solutions, y1(x), y2(X), to the homogeneous differential
equation satisfying y;(0) = 0 and y; (0) = 0. So, we pick y; (t) = sint and

y»(t) = cost. The Wronskian is found as

W(t) = ya(t) y5 () — y; (D)ya(t) == sin® t— cos” t=~1.
Since p(t) = 1 in this problem, we have

) = y1(7)y2(t) — ya(t)ya(r)

Git,7) =
(t, p(T)WT)
= sinfcosT —sinTcost
= sin(t — 7). (6.31)
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Note that the Green’s function depends on t — 1. While this is useful in

some contexts, we will use the expanded form.
We can now determine the particular solution of the non-homogeneous

differential equation. We have

ru(t) = fnl G(t,7)f(r)dr

= ] (sintecosT —sinTcost) (2cosT) dr
0

t t
. o .
=2 :-:mt/ cos” Tdr — '20_0:-;3‘/ sin T cos TdT
0 0

5 o], ~2eme o]
= 2sint | = + —sin27| —2cost |—sin" T
2 2 0 2 0 (6.32)
= tsint.

Therefore, the particular solution is x(t) = 4 cost+t sin t. As noted, we
usually are not given the differential equation in self-adjoint form.

Generally, it takes the form

a2(x)y"(x) + a1(x)y'(x) + ao(X)y(x) = 9(x). (6.33)
The driving term becomes

(@) = ——pla)g(2).

ag{:l‘}

Inserting this into the Green’s function form of the particular solution,

we obtain the following:

Solution Using the Green’s Function

The solution of the initial value problem,

az(x)y" (x) + ar(2)y'(z) + ao(x)y(x) = g(x)

takes the form
t
V@) = (@) + ean(@ + [ GE.O9© s ©39
0

where the Green’s function is the piecewise defined function

) _n(&ye(x) —n(x)y2(8) 13
G =T v e €3

and y(z) and ya(x) are solutions of the homogeneous equation satisfying

y1(0) = 0,y2(0) # 0,y7(0) # 0,y5(0) = 0.
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6.4.2 Boundary Value Green’s Function

We now turn to boundary value problems. We will focus on the problem

% (p{;r}"f'j:::]) +qg(z)y(x) = flx), a<z<bh,
y(a) =0, y(b)=0. (6.36)

However, the general theory works for other forms of homogeneous

boundary conditions. Once again, we seek Xoand X; in the form

z) = FOn@E . [T @l
w0 [ e o [, e

so that the solution to the boundary value problem can be written as a
single integral involving a Green’s function. Here we absorb yn(X) into
the integrals with an appropriate choice of lower limits on the integrals.
We first pick solutions of the homogeneous differential equation such
that y1(a) = 0, y2(b) = 0 and y1(b) # 0, y»(a) # 0. So, we have

) — (f)u(f) ff}Jv «f}
= vola 'ff) 1(6] N
- "?”f nowE “ (637

This expression is zero if x; = a.
At x = b we find that

y(b) = y2(b)

f(é}u( ) de — 4 (B) f’ [©)v(0) 0

. iﬂ(& © %" L PEOW(E)

_ f £)ya(£) 3
= —y1(b) oW de. (6.38)

This vanishes for xg = b.

So, we have found that

y(z) = y2(z) ﬁg}{?(‘f ¢ — y1(z) f e £. (6.39)




We are seeking a Green’s function so that the solution can be written as
one integral. We can move the functions of x under the integral. Also,
since a < x < b, we can flip the limits in the second integral. This gives

ff]Jl E}Jv F(E)yr(x)ya( )f_ 6.40
=] = s+ [ HOE S e o

This result can be written in a compact form:

Boundary Value Green’s Function

The solution of the boundary value problem takes the form

b
y(z) = [ Gl €)(€) de, (6.41)

where the Green’s function is the piecewise defined function

Wl < f<zx (6.42)

pW

G(z,&) = { @ o £<h’

W

The Green’s function satisfies several properties, which we will explore
further in the next section. For example, the Green’s function satisfies

the boundary conditions at x = a and x = b. Thus,

Gl(a,£) = —yl{‘;ﬁ{f‘-(“‘f} =0,

y1(&)y=2(b) _

G(b,€) = ==

Also, the Green’s function is symmetric in its arguments. Interchanging

the arguments gives

o

Ql!-'-:.lﬂzgl':_' é‘ E T E b - (643)

P

nEe@) o, <p <
{E;-J.}_

But a careful look at the original form shows that

G(x, &) = G(&, x).

Notes
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We will make use of these properties in the next section to quickly

determine the Green’s functions for other boundary value problems.
Example: Solve the boundary value problem y" = x2, y(0) =0 = y(1)
using the boundary value Green’s function.

"n_

We first solve the homogeneous equation, y” = 0. After two integrations,
we have y(x) = Ax + B, for A and B constants to be determined.

We need one solution satisfying y;(0) = 0 Thus, 0 = y;(0) = B. So, we
can pick y1(x) = x, since A is arbitrary.

The other solution has to satisfy y,(1) = 0. So, 0 = y»(1) = A + B. This
can be solved for B =—A. Again, A is arbitrary and we will choose A =
—1. Thus, y»(x) =1 — x.

For this problem p(x) = 1. Thus, for y;(x) = x and y»(x) = 1 — x,

POOW(X) = y1(X)y2 (%) —y1 (X)y2(x) =x(-1) = 1(1 —x) =—1.

Note that p(x)W(x) is a constant, as it should be. Now we construct the

Green’s function. We have

(6.44)

Notice the symmetry between the two branches of the Green’s function.
Also, the Green’s function satisfies homogeneous boundary conditions:
G(0, &) = 0, from the lower branch, and G(1, &) = 0, from the upper
branch.

Finally, we insert the Green’s function into the integral form of the

solution:

1
Wa) = [ G or©de
1
= A Gz, )&% dg
i 1
=—/ £(1—2)&? nﬂs—f 2(1— )&% dg
) T

1
»

=—(l—;1‘)£ & :.'IE—;;‘/ (&% — &%) de

=—(1-1) [%K -z [% B %] 1

= —%(1 — ;1‘);;:4 — 11—2.::{4 —3)+ 1]—23:(4.::3 — 33:4)

1.4 5
=E{;1‘ —z). (6.45)
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Check your Progress-2

1. State Solution of Initial Value Green’s Function

2. Explain Boundary Value Green’s Function

6.5 LET US SUM UP

We understood the concept of Green function. We also comprehended
important solution of Green Function using Initial Value and Boundary

conditions.

6.6 KEYWORDS

1. In functional analysis, a linear operator A on a Hilbert space is
called self-adjoint if it is equal to its own adjoint A* and that the
domain of A is the same as that of A*.

2. Initial condition. : any of a set of starting-point values belonging to
or imposed upon the variables in an equation that has one or more
arbitrary constants.

3. Arbitrary means "undetermined; not assigned a specific value.

6.7 QUESTIONS FOR REVIEW

1. Use the Method of Variation of Parameters to determine the general

solution for the following problems.

a.y'+y=tanx.
b.y" — 4y’ + 4y = 6xe™.

Notes
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2. Find the solution of each initial value problem using the appropriate
initial value Green’s function.

a.y" -3y +2y=20e %, y(0) =0, y'(0)=6.

b.y" +y=2sin 3x, y(0) =5, y'(0)=0.

3. Solve the boundary value problem using the Green’s function.

y" =sin x, y'(0)=0, y(m) = 0.

6.8 SUGGESTED READINGS AND
REFERENCES

M. Gelfand and S. V. Fomin. Calculus of Variations, Prentice Hall.
Linear Integral Equation: W.V. Lovitt (Dover).

Integral Equations, Porter and Stirling, Cambridge.

M W

The Use of Integral Transform, I.n. Sneddon, Tata-McGrawHill,
1974

5. R. Churchil& J. Brown Fourier Series and Boundary Value
Problems, McGraw-Hill, 1978

6. D. Powers, Boundary Value Problems Academic Press, 1979.

6.9 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide explanation — 6.2
2. Provide equations— 6.3 [Refer equation — 6.9]
3. Provide explanation— 6.4.1[Refer equation — 6.30]

4. Provide explanation— 6.4.2




UNIT-7 GREEN FUNCTION I

STRUCTURE

7.0 Objectives

7.1 Introduction

7.2 Properties of Green’s Functions

7.3 The Dirac Delta Function

7.4 Green’s Function Differential Equation
7.5 Let us sum up

7.6 Keywords

7.7 Questions for Review

7.8 Suggested Reading and References

7.9 Answers to Check your Progress

7.0 OBJECTIVES

Understand different properties of Green’s Function and its application

Understand the concept The Dirac Delta Function

Enumerate Green’s Function Differential Equation

7.1 INTRODUCTION

We have noted some properties of Green’s functions in the last section.
In this section we will elaborate on some of these properties as a tool for

quickly constructing Green’s functions for boundary value problems.

7.2 PROPERTIES OF GREEN’S
FUNCTIONS
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Properties of the Green’s Function

. Differential Equation:

2 (pl)229) + 4(0)G(2,€) = 0,2 £ ¢

ar
For < £ we are on the second branch and G(z,£) is proportional
to yp(x). Thus, since y;(x) is a solution of the homogeneous equation,
then so is G(z.£). For # > £ we are on the first branch and G(x,£)
is proportional to yo(z). So, once again G(x,£) is a solution of the
homogeneous problem.

. Boundary Conditions:

For © = a we are on the second branch and (x, £) is proportional to
y1(x). Thus, whatever condition y, () satisfies, G(x, &) will satisfy. A

similar statement can be made for z = b.
3. Symmetry or Reciprocity: G(z,£) = G(£, z)
We had shown this in the last section.

4. Continuity of G at » = & G(£1.£) = G(£7,¢)
Here we have defined

G(et,r) =limG(x,£), x>,

ERS
G(E72) =limG(x.§). = <&
Setting x = £ in both branches, we have

y1(Oya(€) _ n(Oya()
pW pW

5. Jump Discontinuity of 2£ d Lat x=¢:

T

9G(Er.¢ 9GE.9 _ 1
dr dx p(f)

This case is not as obvious. We first compute the derivatives by noting
which branch is involved and then evaluate the derivatives and subtract
them. Thus, we have

JG(ET, IG(E—, 1 1
. (('ir 2 - (ri ip __'“(g)U(&) Ul( Jy2(8)
y1(§)y2(8) — f;n( ) 5(£)

PO (€)ya(E) — ¥ (6)y2(8))
1

&) (7.1)

We now show how a knowledge of these properties allows one to

quickly construct a Green’s function.

Example. Construct the Green’s function for the problem

y”+(’)2y=f(x)’ 0 <X < 1’
y(0)=0=y(1),
with @ # 0.




Notes
I. Find solutions to the homogeneous equation.

A general solution to the homogeneous equation is given as
Yh(X) = €1 sin ®X + ¢ COSMX.
Thus, for X #&,
G(x, &) =cl(&) sin ox + c2(§) cosmx.

Il. Boundary Conditions.
First, we have G(0, §) =0 for 0 <x <&. So,
G(0, &) =c2(§) cos wx = 0.
So,
G(x, §) =c1(§) sin 0x, 0 <x <&.
Second, we have G(1, §) =0 for <x < 1. So,

G(1, &) = c1(&) sin ® + cz(&) cosw. =0

A solution can be chosen with

C2(§) = —c1(§) tan o.

This gives
G(x, &) =cl(&) sin ox — c1(§) tan ® cosmx.

This can be simplified by factoring out the c1(&) and placing the

remaining terms over a common denominator. The result is

G(r. &) = () [sinwr cosw — sinw coswz
COS W
ci(é) .
= ————sinw(1l — x). 7.2
coSw w ) (7.2)

Since the coefficient is arbitrary at this point, as can write the result as
G(x, &) =dl1(§) sinw(1 —x),E<x < 1.
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We note that we could have started with y2(x) = sinw(1—x) as one of our
linearly independent solutions of the homogeneous problem in
anticipation that y2(x) satisfies the second boundary condition.

I11. Symmetry or Reciprocity

We now impose that G(x, &) = G(&, x). To this point we have that

c1(€)sinwze, 0

di(&)sinw(l —z), &

£ — r<{
G(x,£) = { 1

(A Fa
(A FaS

We can make the branches symmetric by picking the right forms for c1(§)
and di(&). We choose c¢1(&) = C sinw(1 — &) and di(&) = C sin w&. Then,

o ) Csinw(l = §)sinwr, 0<z < ¢
G, ) = {Cr-;inu;{l —r)sinw, E<r <1’

Now the Green’s function is symmetric and we still have to determine
the constant C. We note that we could have gotten to this point using the
Method of Variation of Parameters result where C = 1/pW .

IV. Continuity of G(x, &)

We note that we already have continuity by virtue of the symmetry

imposed in the last step.

V. Jump Discontinuity in %G(x, £).
We still need to determine C. We can do this using the jump

discontinuity of the derivative

IG(EH,E) 9G(Em,9 1
Ox or  p(&)’

For our problem p(x) = 1. So, inserting our Green’s function, we have
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0G(Er.§)  9G(E".9)

1 =
dr dr
_ Csinw(l — ) sin w d Csinw(l
= E[ sinw(l — z) sinwf] _, — 52 [C sinw(l — §)sinwr] _,
= —wCecosw(l — §)sinwf — wCsinw(l — £) coswé
= —wCsinw(£+1-¢)
= —w(C sinw. 73)
Therefore,
1
C=—— .
! 5110 Lot

Finally, we have our Green’s function:

_ gin w(l=F£) sinwsz 0

G{I‘E] = { _Hiuu,l{uiliig:luiiﬂ uJ'Er

w! Sin w ? [f

r<E§
1 (7.4)

xr

(AN Fa
(AN Fa

It is instructive to compare this result to the Variation of Parameters
result. We have the functions y;(x) = sin ox and y2(x) = sin o(1 — X) as
the solutions of the homogeneous equation satisfying y1(0) = 0 and y2(1)
= 0. We need to compute pW:

P@)W (@) = 11 (2)9(2) — ¥, (@) ()
= —wsinwrcosw(l — r) —weoswrsinw(l — x)

= —wsinw (7.5)

Inserting this result into the Variation of Parameters result for the

Green’s function leads to the same Green’s function as above.

7.3 THE DIRAC DELTA FUNCTION

We will develop a more general theory of Green’s functions for ordinary
differential equations which encompasses some of the listed properties.

The Green’s function satisfies a homogeneous differential equation for x

&,
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5. (;}{x}r}f‘{r £)

E dr

)+ G =0, s e 7.6)
When x = &, we saw that the derivative has a jump in its value. This is

similar to the step, or Heaviside, function,

1,x =10
H(r) = ' i
() { 0,z <0
In the case of the step function, the derivative is zero everywhere except
at the jump. At the jump, there is an infinite slope, though technically,
we have learned that there is no derivative at this point. We will try to

remedy this by introducing the Dirac delta function,

We will then show that the Green’s function satisfies the differential

equation

9 (pm$) + q(2)G(x, €) = 8(x — £). (7.7)

The Dirac delta function, 6(x), is one example of what is known as a
generalized function, or a distribution. Dirac had introduced this function
in the 1930’s in his study of quantum mechanics as a useful tool. It was
later studied in a general theory of distributions and found to be more
than a simple tool used by physicists. The Dirac delta function, as any
distribution, only makes sense under an integral.

Before defining the Dirac delta function and introducing some of its
properties, we will look at some representations that lead to the
definition. We will consider the limits of two sequences of functions.

First we define the sequence of functions

fa ={ 2|2




This is a sequence of functions as shown in Figure 7.1. As n — o, we
find the limit is zero for x # 0 and is infinite for x = 0. However, the area
under each member of the sequences is one since each box has height n/2
and width n/2.

Thus, the limiting function is zero at most points but has area one.

-1 -0z -0& 04 0.2 o oz o4 a1} [iE:} 1

Fig.7.1 . A plot of the functions f,(z) for n = 2,4, 8.

The limit is not really a function. It is a generalized function. It is called
the Dirac delta function, which is defined by

1. 8(x) = 0 for x #0.

2. [% 8(xdx =1.

Another example is the sequence defined by

2sinnx 78

We can graph this function. We first rewrite this function as

I (x) = 2n o e .
e
Now it is easy to see that as x — 0, Dp(x) — 2n. For large x, The
function tends to zero. A plot of this function is in Figure 7.2. For large n
the peak grows and the values of D,(x) for x # 0 tend to zero as show in
Figure 7.3.
We note that in the limit n — oo, Dp(X) = 0 for x 6= 0 and it is infinite

at x = 0. However, using complex analysis one can show that the area is
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Thus, the area is constant for each n.

s

oA AN

ERSAVA VAR

Fig. 7.2 A plot of the function D, (x) for n = 4.

Al

20

Fig. 7.3 A plot of the function D, (x) for n = 40.

There are two main properties that define a Dirac delta function. First

one has that the area under the delta function is one

‘/;ﬂ:;ﬁ[;r}di' = 1.

Integration over more general intervals gives
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b
f dlx)dr =1, 0 € [a,b]

b
f MNxr)der =0, 0 [a,b].

Another common property is what is sometimes called the sifting
property. Namely, integrating the product of a function and the delta

function “sifts” out a specific value of the function. It is given by

fx dzx—a)f(z)dr = f(a).

—0

This can be seen by noting that the delta function is zero everywhere
except at X = a. Therefore, the integrand is zero everywhere and the only
contribution from f(x) will be from x = a. So, we can replace f(x) with

f(a) under the integral. Since f(a) is a constant, we have that

o

f_:; 8(z —a)f(z)dz = [1 dr—a)f(a)dr = f(ﬂjf §(z — a) dz = f(a).

-0 -0

Another property results from using a scaled argument, ax. In this case
we show that

8(ax) = |a|~ d(x). (7.9)

As usual, this only has meaning under an integral sign. So, we place

d(ax) inside an integral and make a substitution y = ax:

o0 L
/ d(azx)dr = lim / d(ax) dr
—_— L—oo J_

1 al. ]
= Jlim 5/ d(y) dy. (7.10)

—rd
If a> 0 then

[ dax) dr = = f a(y) dy.
—_—— L _—
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However, if a < 0 then

f d(az)dr = 1 [ dy) dy = _1 / a(y) dy.
e a f. a J_.

The overall difference in a multiplicative minus sign can be absorbed

into one expression by changing the factor 1/a to 1/[a. Thus,
= 1 =
f dlax)dz = ﬂ/ d(y) dy. (7.11)
—0 1 ——

Example: Evaluate
2 8(3x — 2)2? dx.

Solution : This is not a simple d(x—a). So, we need to find the zeros of

f(x) = 3x—2. There is only one, x =2 /3. Also, |[f '(x)| = 3. Therefore, we

have

> 1 [ y+ 2\’ 1 (4 4
/;1 03z — )z dr = 5116[-3;) (g—: ) dy = 3 (a) = 5

More generally, one can show that when f(x;) = 0 and f '(x;) # O for X;,

j=1.2,...,n,(i.e.; when one has n simple zeros), then

7.4 GREEN’S FUNCTION DIFFERENTIAL
EQUATION

As noted, the Green’s function satisfies the differential equation

a9 (p (2) dG(x, £)

dr dr

) +q(x)G(z, &) = d(x — &) (7.12)




Notes
and satisfies homogeneous conditions. We have used the Green’s

function to solve the non-homogeneous equation

dax dr

4 (;-;{x}‘"f“m) T q(@)y(@) = f(2). (7.13)

These equations can be written in the more compact forms

Lly] = f(z)

7.14
L[G] = é(z — €). (7.14

Multiplying the first equation by G(x, §), the second equation by y(x),

and then subtracting, we have

GLly| - yLIC] = f(x)G(x.€) — 6(z — O)y(x).

Now, integrate both sides from x = a to x = b. The left side becomes

b 1]
[ U@)6(@.6) - b - 9u(@) do = [ f@)G(a.6)dz - (e

and, using Green’s Identity, the right side is

/ (L) yeiC) dr = [pm (660 @) - ) Gote E))]j

dr

Combining these results and rearranging, we obtain

00 = [ 1060 e~ o) (1529 - e @) )

*

Next, one uses the boundary conditions in the problem in order to
determine which conditions the Green’s function needs to satisfy. For
example, if we have the boundary condition y(a) = 0 and y(b) = 0, then
the boundary terms yield
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aG
dr

ve = [  @)G(a,€) do — [ptm (y(m (b.6) - G, f}ywmﬂ
G
or

' [ma] (y(a) (a,) - fo.-a.a}y’(ruﬂ

b
= / f(2)G(x, &) dz + p(b)G(b, )y’ (b) — p(a)G(a, &)y (a). (7.16)

The right hand side will only vanish if G(x, &) also satisfies these

homogeneous boundary conditions. This then leaves us with the solution

b
y(€) = ] §(2)G(z,€) dz.

We should rewrite this as a function of x. So, we replace  with x and x

with &. This gives

t
va) = [ f©)G(E ) de

However, this is not yet in the desirable form. The arguments of the
Green’s function are reversed. But, G(x, &) is symmetric in its arguments.
So, we can simply switch the arguments getting the desired result. We

can now see that the theory works for other boundary conditions. If

we had y'(a) = 0, then the y(a) Z—i(a, &) term in the boundary terms could

be made to vanish if we set Z—i(a, €)=0.

We can even adapt this theory to non- homogeneous boundary
conditions.
We first rewrite Equation (7.15)

¢ £=bh
aG

o) = | ’ G, €)1(6) de - [p(f) (y(ag(w. £) - Gl )y (f,))]

£—

NGy

Let’s consider the boundary conditions y(a) = a and y'(b) = beta. We

also assume that G(x, &) satisfies homogeneous boundary conditions,

oG
5 (9 =0.

G(a, &) =0,




in both x and & since the Green’s function is symmetric in its variables.
Then, we need only focus on the boundary terms to examine the effect on
the solution. We have

File: =t

i

[p(«s} (-y(f) (x..«f}—cu:,a}y’(«f})} =[p(b) (y(f»}%anb)—G(x,fa}y’(b})]

E=a
- |:p(;.1} (y{a) ?E{.::._ a)— G{;r._u}y’(c.‘a))]

= —Op(b)G(x,b) — a;u(::a)%(;r,a). (7.18)
Therefore, we have the solution
b G .
y(z) = f Gz, &) f(&) dE + Bp(b)G(z,b) + m-:ulf::a]af.::._ a). (7.19)

This solution satisfies the non-homogeneous boundary conditions. Let’s

see how it works.

Example: Modify Example 8.4 to solve the boundary value problem y”
=x?, y(0) = 1, y(1) = 2 using the boundary value Green’s function that we

found:

ol -r) 0y
&) = { —2(1-€),z<€6<1 (7.20)

We insert the Green’s function into the solution and use the given

conditions to obtain

1 £ £=1
o) = [ G006 de - (w0 G, - Gl (@]

= [(J: —1)e3 de + /1 z(€ — 1) dE + y(m%{x:n) — y(])%(l-__ 1)

(x—1Dx* z(1-2Y) 2z2(1-2°%)
- - P~ 1) — 22
1 + 1 3 +(x—1)—2a
;]"1 35 (HZU
=1 + EJ, - 1.

Of course, this problem can be solved more directly by direct integration.

The general solution is
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4

1 ‘

=]

y(r) = — + 1z + co.

]

Inserting this solution into each boundary condition yields the same
result.

We have seen how the introduction of the Dirac delta function in the
differential equation satisfied by the Green’s function, Equation (7.12),
can lead to the solution of boundary value problems. The Dirac delta
function also aids in our interpretation of the Green’s function. We note
that the Green’s function is a solution of an equation in which the non
homogeneous function is d(x — &). Note that if we multiply the delta
function by f(§) and integrate we obtain

f_ " S — ) f(¢) de = f(a).

O

We can view the delta function as a unit impulse at x = £ which can be
used to build f(x) as a sum of impulses of different strengths, f(&). Thus,
the Green’s function is the response to the impulse as governed by the
differential equation and given boundary conditions.

In particular, the delta function forced equation can be used to derive the

jump condition. We begin with the equation in the form

0 (OGO, s .
7 (10X2d) £ oG =00 o2

Now, integrate both sides from  — ¢ to § + ¢ and take the limit as ¢ — 0.
Then,

Ete : ol E+te
lim / [i (p(;z‘}dﬂ,‘:'i '“E)) + q(x)G(x, E)} dr = lim / d(x — &) dx

e—0 [ dx dx

=L (7.23)

Since the q(x) term is continuous, the limit of that term vanishes. Using

the Fundamental Theorem of Calculus, we then have




- =1.
o

e=+[)

‘ i £4e
lim [;}[J:}M] (7.24)

£m—g

This is the jump condition that we have been using!

Check your Progress-1

1. State any two properties of Green Function

2. Explain Direct Delta Function

3. Discuss Green’s Function Differential Equation

7.5 LET US SUM UP

We have seen different properties of Green Function and its application.
The Dirac delta function, as any distribution, only makes sense under an

integral. We also explored Green’s Function Differential Equation.

7.6 KEYWORDS

Differential Equation : an equation involving derivatives of a function

or functions

Homogeneous Equation: A polynomial is homogeneous if all its

terms have the same degree.

Notes

121




Notes
Nonhomogeneous differential equations : are the same as homogeneous

differential equations, except they can have terms involving only x (and
constants) on the right side, as in this equation

7.7 QUESTIONS FOR REVIEW

1. Evaluate
iy er "
Jo " coszd(2® — ) dx.

2.Bvaluate | [™ (52 + 1)d(4(x — 2)) dx.

O
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7.9 ANSWERS TO CHECK YOUR
PROGRESS

1. Provide statement of properties — 7.2
2. Provide explanation— 7.3

3. Provide explanation— 7.4
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